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Abstract

The Theory for vector bundles in topology shaped the research
in projective modules in algebra, consistently. This includes
Obstruction Theory. The algebra has always been trying to
catch up. To an extent, this fact remained under appreciated.

| would avoid talking about such topological background,
unless there is interest.
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Life after Serre’s Conjecture is solved

Search for a newer direction

After the conjecture of Serre was solved, a researchers sought
newer directions, what to do next? .
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Obstruction theory Chern Class as Obstructions

Chern Classes

Mohan Kumar and M. P. Murthy considered:

Question: Suppose A is smooth affine algebra over an
algebraically closed field k, with dim A = d. Suppose P is a
projective A—module with rank(P) = d.

Does C%P)=0 = P~QoA?

Here C9(P) denotes the top Chern class of P.

Satya Mandal Department of Mathematics, KU Splitting property of projective modules, by Homotopy obstr



Obstruction theory Chern Class as Obstructions

Murthy's Theorem

Theorem (Murthy)

Suppose A is an affine algebra (smooth) over an algebraically
closed field k, with dim A = d. Let P be a projective
A—module with rank(P) = d.

Then CY(P)=0 <= P~QoOA

Remark. Similar obstruction classes e(P), is a suitable
obstruction set (preferably a group), for a wider class of rings
A and for any rank(P) < d, was sought.
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The Homotopy Obstructions of Nori i (RHEEiery g

The Homotopy Program, for projective Modules

In search for an obstruction for, a projective A-module P, to
split of a free direct summands, Nori provided two germs of
ideas, apparently related.

» First one is so called Homotopy Question.

» For a commutative ring A with dim A = d, a definition of
so called Euler class group E9(A, A). Also for a projective
A-module P with rank(P) = d and det(P) = A, an Euler
class e(P) € E9(A, A) was defined. It was conjectured
(and proved [?])

e(P)=0<=P=QaA
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The Homotopy Obstructions of Nori i (RHEEiery g

The Homotopy Question

Suppose A is a noetherian commutative ring with dim A = d.
Let P be a Projective A-module, with rank(P) = n.

» Let A[T] be the polynomial ring, and P[T]:= P ® A[T].
> Let ¢ : P[T] — % and fo : P — J(0) be surjective maps.

» Assume ¢ and fy are compatible, meaning the diagram

P[T] =2~ P

[
| fo
2 @l tZOV commute
J

J(0)
2 =0 J(0)? K0)
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The Homotopy Program

The Homotopy Obstructions of Nori

Continued

Can we extend the above diagram, as follows?:

J%O) commute
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The Homotopy Obstructions of Nori i (RHEEiery g

Continued

Without diagram, the question is does there exist a surjective
map
V:P[T]»J > Vo=1

And,V is a lift of ¢, meaning

P[T] > J

x i commute
J
72
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The Homotopy Obstructions of Nori i (RHEEiery g

Remark

Point is, if the Homotopy Problem has a solution then

J(1
Q=10 P — J(1) is a surjective lift of =1 : P — %

In other words, if ¢|;—q "Good", then so would be ¢|;—4!
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The Homotopy Obstructions of Nori i (RHEEiery g

Topological Theorem of Nori

The above question is exact translation of the following
theorem of Nori.

Theorem Suppose M is a manifold, and V is a real vector
bundle over M, with rank(V) =n. Let BC M x R be a
smooth submanifold of M x R with codim B = n. Let

sel(M,V)and By = {s =0}, s L O(i.e transversal)
¢ : N(M xR,B) — (p*V);g be an isomorphism
5 BNMx0=B,x0, [s]: N(M,By) — Vg,

That means, ¢ and s are "compatible".
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The Homotopy Obstructions of Nori f=lhiometopyiios

Continued

If 2n > dim M + 3 then, there is a section
Vel (MxR,p*V), such that

V, o =s, {V =0} =B and Vg =
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The Homotopy Obstructions of Nori i (RHEEiery g

Bhatwadekar-Keshari's Result

Best Affirmative answer to Homotopy Question is due to S.
M. Bhatwadekar and Manoj Keshari, under the hypotheses

» A is smooth over and infinite perfect field k.
» 2n > d + 3, and height(l) > n.

We use this result!
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Local Orientations and homotopy obstruction set
Obstruction Class of P
Homotopy Obstructions

ocal Orientations

A commutative noetherian ring is denoted by A, with 1/2 € A.
P denote a projective A-module, and d = dim A, rank(P) = n.

Definition: A Local P-orientation, is a pair (/,w), such
that

» [ is an ideal of A,

> w: P — /LZ is a surjective homomorphism.

Main Problem: Whether w lifts to a surjective map P — /7
Whether this can be detected by means of homotopy
obstruction properties?
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Local Orientations and homotopy obstruction set
Obstruction Class of P
Homotopy Obstructions

The Homotopy Obstruction Set

» Let LO(P) = Set of all local P — orientations

» The maps LO(P)<=2L£O(P ® A[T]) =2~ LO(P)
induce a chain homotopy equivalence on LO(P).

» Definition: The homotopy obstruction set 7o (LO(P))
is defined to be the set of all equivalence classes.

> For (1,w) € LO(P), its image in o (CO(P)),

is denoted by [(/,w)] € mo (LO(P))
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Local Orientations and homotopy obstruction set
Obstruction Class of P
Homotopy Obstructions

Obstruction Class

» There are two distinguished elements in LO(P), namely,
(0,0) and (A, 0). Denote,

ey = [(0,0)] € mo (LO(P))
e = [(A, O)] € T (ﬁO(P))
Define ¢(P) =eg € mo (LO(P))

to be called, the (Nori) Homotopy Class, of P.
» In fact, e(P) = g = [(/, f)], induced by any surjective
map f: P — [
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Local Orientations and homotopy obstruction set
Obstruction Class of P
Homotopy Obstructions

The Equivalence Theorem

Theorem E Suppose A is a regular ring, containing a field k,
with 1/2 € k, and dim A= d > 2. Let P be a projective
A-module with ramk(P) = n. Then, the chain equivalence
relation on LO(P), is an equivalence relation.

Proof. Use the quadratic structure on P* PG A. If P = A"
is free, the quadratic structure is:

Zn:X,-Y,-—i—Z2

i=1
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Local Orientations and homotopy obstruction set
Obstruction Class of P
Homotopy Obstructions

The Splitting Theorem

Theorem Split: Suppose A is (essentially) smooth, over an
infinite perfect field k, with 1/2 € k, and dimA =d > 2. Let

P be a projective A-module with ramk(P) = n. Assume
2n > d + 3. Then,

P=Z=QRBA <— ¢eP)=¢ (the additive zero)
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Local Orientations and homotopy obstruction set
Obstruction Class of P
Homotopy Obstructions

The Lifting Theorem

Theorem Lift: Suppose A is (essentially) smooth, over an
infinite perfect field k, with 1/2 € k, and dimA =d > 2. Let
P be a projective A-module with ramk(P) = n. Assume

2n > d + 3. Then,

For local orientations (/,w), with height(/) > n, then w lifts
to surjective map:

P2
N o= ap =i neor)
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Local Orientations and homotopy obstruction set
Obstruction Class of P
Homotopy Obstructions

The Monoid Theorem

Theorem Monoid Suppose A is a regular ring, containing a
field k, with 1/2 € k, and dimA =d > 2. Let P be a
projective A-module with ramk(P) = n. Assume 2n > d + 2.
Then, the obstruction set mo (LO(P)) has an additive
structure.

» Addition is associative and commutative.

» e; is the identity.
Also, if (P) = ey, then mo (LO(P)) is a group. This would be
the case, if P= Q & A.
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Comparison with E(P)

Chow Group: Case k = k

Chow Group: General Case

Top Rank Case
Comparisons

The Comparisons

We would compare LO(P) with Chow groups, and so called
Euler Class groups.

For each projective A-module P, we would define a Euler

Class Group E(P). If P = A", then E(P) = E"(A, A)
defined by Nori and others.
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Comparison with E(P)
Chow Group: Case k
Chow Group: General Case
Top Rank Case

Comparisons

Definition of E(P)

As before, assume rank(P) = n. Let

LO"(P) ={(l,w/) € LO(P) : height(l) = n},
LOI(P) ={(l,w;) € LO(P)": V(I) is connected}.

Define E(P) = %()P))

where Z(P) is the subgroup, generated by global orientations.
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Comparison with E(P)

Chow Group: Case k k
Chow Group: General Case
Top Rank Case

Comparisons

Comparison with E(P)

Theorem EP: Suppose A is a regular ring, containing a field
k, with 1/2 € k, and dim A = d > 2. Assume rank(P) = n
and 2n > d + 2. Assume P = Q @ A, then there is a
surjective homomorphism

v E(P) = m (LO(P))

If A is essentially smooth over a perfect field, and 2n > d + 3,
then ¢ is an isomorphism.
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Comparison with E(P) _
Chow Group: Case k = k

Chow Group: General Case
Top Rank Case
Comparisons

Chow Group: Case k = k

We exploit the work of N.Mohan Kumar and M. P.Murthy.

Theorem Chow-1: Suppose is a A is a smooth affine algebra
over an algebraically closed a field k, with 1/2 € k, and

dim A = d > 3. Assume rank(P) = d. Then the following are
isomorphisms

¢ E(P) = 1 (LO(P)) =+ CHY(A)

where CH?(A) denote the Chow Group of zero cycles.
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Comparison with E(P)
Chow Group: Case k k
Chow Group: General Case
Top Rank Case

Comparisons

Chow Group: General Case

Theorem Chow-2: Suppose A is a regular ring, containing a
field k, with 1/2 € k, dim A= d. Let P be a projective
A-module, with rank(P) = n. Then, there is a natural set
theoretic map

o (LO(P)) — CH"(A) sending (/,w) — cycle(l)

In particular,
e(P) — C"(PY)
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Comparison with E(P)

Chow Group: Case k k

Chow Group: General Case

Top Rank Case
Comparisons

Top Rank Case

Theorem: Suppose A is a regular ring, containing a field k,
with 1/2 € k, dimA = d. Let P, Q be projective A-modules,
with rank(P) = rank(Q) = d. Let ¢ : A?Q — Lambda?P be
an isomorphism. Then, the following are isomorphisms:

X(1) : 70 (LO(Q)) — mo (LO(P))

» So, mo (LO(P)) is a group, even if P does not split.

Satya Mandal Department of Mathematics, KU Splitting property of projective modules, by Homotopy obstr



	Abstract
	Life after Serre's Conjecture is solved
	Obstruction theory
	Chern Class as Obstructions

	The Homotopy Obstructions of Nori
	The Homotopy Program

	Homotopy Obstructions
	Local Orientations and homotopy obstruction set
	Obstruction Class of P

	Comparisons
	Comparison with E(P)
	Chow Group: Case k=k
	Chow Group: General Case
	Top Rank Case


