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First Order ODE

» Recall the general form of the 1°* Order ODEs (FODE):
dy
— = f(t, 1
Y fity) (1)

where f(t,y) is a function of both the independent
variable t and the (unknown) dependent variable y.

» In section §2.1, we worked with Linear FODEs.
In this section we work with separable equations.
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§2.2 Separable Equations

Separable Equations: Intro

> The equation (1) £ = f(x, y) can also be written as

d
M(x,y) + N(X,y)d—i =0
with M(Xa.y) = _f(Xay)aN(Xay) =1

» There may be other choices of M, N. For example

dy x%+y? d
Y _ Y = —(x*+y?) + xy Y

dx  xy EZO
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§2.2 Separable Equations

Separable Equations: Definition

> A DE (1) 2 = f(x,y) is said to be in separable form,
if it can be wrltten as M(x) + N(y )dy = 0 or equivalently,

in the differential form  M(x)dx + N(y)dy =0 (2)

where M(x) is a function of x and N(y) is a function of y.

» To solve them, we integrate

/M(x)dx + / N(y)dy = ¢ c is arbitrary constant.
(3)

We can use any anitiderivative [ M(x)dx and [ N(y)dy
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§2.2 Separable Equations

Separable Equations: Initial value problem

» If initial value y(xo) = yo is given then, we have choices

/ M(x)dx = / M(s)ds and / N(x)dx = /yy N(s)ds.

» With these choices, solution (3) reduces to

/X: M(s)ds + /yoy N(s)ds = ¢

» Substituting x = xp, ¥y = yo we get ¢ = 0.
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§2.2 Separable Equations

Continued

» So, a form of the solution of the initial value problem:
x y
/ M(s)ds—l—/ N(s)ds =0 (4)
X0 Yo

This form is particularly useful for numerical solutions.
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§2.2 Separable Equations

Here are some remarks:

» First, the equation 3 seems symmetric in x, y and does
not seem to distinguish between independent and the
dependent variable. The solution we find, by integrating,
likely to be in the implicit form, which we solve to find y.

» A ODE (1) & = f(x,y) sometimes could have a
constant solution y(x) = c¢. This would be the case, if
there is a constant y, such that f(x, yp) = 0 for all x in
the domain of y = y(x). In this case, y = y, would be a

constant solution.
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Example |
Example I

Problem Solutions from §2.2 Examplolll]

Example |

Consider the initial value problem:

! X
{ Y =y
y(0) =2

» We have
dy X
—=———= = ydy= dx =
dx  y(x*+1) =™
2
X y 1 5
/ydyz/x2+1dx+c:?:§ln|x —|—1‘+c
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Example |
Example I

Problem Solutions from §2.2 Examplolll]

Continued

> Substituting the initial values y(0) = v/2, we have ¢ = 1.
» So, the solution is given by the implicit formula

2
1
y?:iln’xz—i—l“—l. So, y==+In|x>2+1+2

> Since y(0) = v/2, the finale solution is

y=+In|x>+1+2

Solutions are valid everywhere.
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Example |
Example I
Example |11

Problem Solutions from §2.2

The Direction fields and the integral curve:

¥ =xly 6+ 1)
T

Print

3b 4

4l : = ou
I L I L L L L —
-2 [ 2 4 6 8 10

Cursor position: (3,62, 4.23)
‘Computing the fiekd slements.

The lorward orbit from (0.013, -0.638)
The backward arbit from (0.013, -0.035)
Ready.
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Example |
Example I

Problem Solutions from §2.2 Exarmalolll]

Example |l

Consider the initial value problem:

y(0) =
» We have
dy x(x®2+1) 3 )
4—X_4+_2+C
Yy =T
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Example |

Problem Solutions from §2.2 Zenmita
Example |11

Continued

1 . X4 2
1 2+1
Vi=2(x*+1)P=y=+ X
4 2
» Since, y(0) = % the final answer:
2+1
(a) y= X;_ (c) —oco<x< o0
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Example |
Example I

Problem Solutions from §2.2 Exarmalolll]

The Direction fields and the integral curve:

¥ =x 084y

[P )

ot : o[ out
; ; ; ; ; ; I | S—
-2 o 2 4 6 8 10

Cursor position: (3,54, 8.88)
‘Computing the fiekd slements.

The forward orbit from (-0.012, 0.68)
The backward arbit from [-0.012, 0.68)
Ready.
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Example |
Example I

Problem Solutions from §2.2 Example 111

Example Il

» In last two problems we did not pay much attention to
the range of x in which the solution is valid. A particular
case is when % is not defined for some values of x, y.
Geometrically, this would mean,

when the solution has a vertical tangent at these points.

» Additional work we do here is to specify intervals,
where a solution is valid.

Consider the initial value problem:

{ .y/ - 3j§i4
y(1) =
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Example |
Example I
Example I1I

Problem Solutions from §2.2

Continued
» We have
d 3x?
y_ X :>/3y —4)dy = /3x2dx—|—c:>
dx 3y —

y P —dy=x>+c

» By the initial value condition y(1) = 0 we have
0—-0=14c= c=—1. So, the final solution

yi—dy=x3-1 (5)

Further simplification does not seem worthwhile. So,
solution y = y(x) is given by the implicit equation
yi—dy=x3-1
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Example |
Example I

Problem Solutions from §2.2 Example 111

Continued

We further need to compute the interval,
where the solution is valid.

> The equation & = 3y3§i4 is not defined, when
3y2—4:Oory::|:\/i§.

» So, the possible range of y are

(~-5)(3:3) (5

» The initial y-value y(1) = 0. So, range of y is

2 2
<_—37 —> because 0 is in it.

w
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Example |
Example I

Problem Solutions from §2.2 Example 111

Continued

» From, solution (5)

_ 2 3_1_ _ 16
y=3=X 1= Nl

_ _ 2 3_1— 16
y=—p3==X 1—\/§

So, the domain of the solution is given by

1 1
_—6<x3—1<—6 OR —202<x<217

V3 V3
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Example |
Example I

Problem Solutions from §2.2 Example 111

The Direction fields and the integral curve:

y' =333y -4)
T

T
| sem |

051 .
~ o | pem
05 4

Quit

I L
-2 -15 -1 -05 [ 05 1 15 2
Cursor position: (2.1, 0.962)

The forward ori from (1, 0.0004) wes siopped by the user.
‘The backward ortit from (1, -0.0034) wes stopped by the user.

Ready
i T 2
The backward ortat fiom (2.4, 1.9
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