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1. Introduction

In general, refer to section C for notations. Throughout, GW abbreviates “Grothen-
dieck-Witt”, with possible variations of fonts. For notations and background on GW
theory, refer to section B. Whenever we discuss GW theory (also known as hermitian
theory), we assume 2 is invertible in the respective category. Section A establishes some
background on grade and annihilators of coherent modules over quasi projective schemes.
All schemes considered in this article are assumed to be noetherian.

In this article we discuss the homotopy fiber of the pullback maps

K (¥(X)) —— K (¥(U)) in Sp

(1)

GW (#(X)) —=GW (#(U) in BiSp
where X is a quasi projective scheme, over a noetherian affine scheme Spec(A), and
U C X is an open subset. Here K (—) € Sp denotes the nonconnective K-theory spectra
and GW(—) € BiSp denotes the Karoubi GW bispectra (see section B). We will write
Z = X —U. Recall the classical fundamental result that, any map f: Y — Z of pointed

spaces fits into a homotopy fibration .%# (f)*>y*f>Z leading up to a long exact
sequence of homotopy groups, ending at the degree zero term (see [22]). Therefore, the
question of existence of the homotopy fibers of q, p was never in contention. Right from
the inception [15], it has been an open question, how best to describe the homotopy fiber
of the maps q (originally, of the maps of K-theory spaces, then of spectra and so on), in
terms of the closed complement Z. The questions on homotopy fiber of p followed, as the
GW theory evolved. For the G-theory spaces (meaning, K-theory spaces of Coh(X)),
Quillen gave fully satisfactory description of the homotopy fibers. For regular schemes,
K-theory coincides with G-theory. Therefore, the issue of such homotopy fibers remains
to be interesting only when X is non regular.

This project was triggered when the following result (1.1) of Quillen came to my
attention.

Theorem 1.1 (Quillen [3,/]). Suppose X is a quasi compact scheme, U = Spec (A) C X
is an affine open subschemes of X, and Z = X — U. Assume that Z has a subscheme
structure, defined by an invertible ideal sheaf & C Ox. Let

H = {9 € QCoh(X) : Zy = 0,dimy (x)(F) = 1} be the full subcategory.
Then there is an exact sequence

e K () —— K (V (X)) — K (V(U)) —— Koy () —— -

ending at degree zero.
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It was instantly clear to me, while codim(X, Z) = 1, the category /# = CM?(X) is
the category of perfect modules with support on Z. The K-theory of various categories
of perfect modules were previously studied in [13,12,11,10] and others.

After Theorem 1.1, it was clear to the experts what to expect, in higher codimension.
Following formulation was communicated to me by Daniel Grayson, which we write as
an open problem.

Open Problem 1.2. Let X be a quasi projective scheme over a noetherian affine scheme
Spec (A) and Z C X be a closed subset with a complete intersection subscheme structure,
as in (2.1) and U = X — Z. (One says, Z is cutout by a regular sequence.) Then the
sequence

K(M?(X)) — K(¥(X)) — K(¥(U))

of K-theory spaces, is a homotopy fibration. By now, we think about this problem in
terms of nonconnective K-theory spectrum.

In the case, codim(Z) = 1 the problem was stated as conjectures, in the paper of
Gersten [3, pp 343] and in the paper of Weibel [21, pp 199].

Using the methods developed on various categories of perfect modules [13,12,11,10],
we settle this long standing open problem (1.2), in complete generality. We prove when
Z has structure of complete intersection subscheme, as in (2.1), the homotopy fiber of
the map q is given by the K-theory spectra K (CM#(X)) € Sp (see (A.13, C.1) for
notations). Analogously, the homotopy fiber of p is given by GW (CM#(X)) € BiSp. In
other words (4.1, 5.6), there are homotopy fibrations

K (CMZ (X)) — K (¥ (X)) ——= K (¥(U)) in Sp o)
GWIH (OCM? (X)) —= GW (¥(X)) — = GW(({U)) inBiSp

where k = codim(Z) > 1 and Z is has structure of complete intersection subscheme.

Remark 1.3. It is worth pointing out the category CM?Z(X) is independent of the sub-
scheme structure of Z, while our results require that Z has a structure of a complete
intersection subscheme.

Note, we have

GW (CMZ(X))  if k=0mod 4

GWIH (M7 (X)) = { GW (CMZ(X))™ if k=2mod 4

Further, we prove
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K (CM?(X)) = K (M?(X)) is a homotopy equivalence in Sp. (3)

Note, if X is noetherian and regular then M(X) = Coh(X), M?(X) = Coh?(X).
Further note that, statements analogous to (3) in GW-theory would not even make
sense, because M (X) does not have a natural duality. However, CM#(X) has natural
dualities M + Ext* (M,.Z), when k = grade(Z, X) and & is any line bundle on X.
Because of this, our results on GW-theory are sharper.

As a consequence to (2), if Z has a complete intersection subscheme structure, Vn € Z,
there are exact sequences of corresponding groups

Kn (CMZ (X)) ——= Ky (#(X)) — Ko (#(U)) —= K, 1 (CMZ(X))
+

(4)

GW, (CMZ (X)) — GW, (¥(X)) = GW, (¥(U)) = GW,_; (CMZ(X))

while we assume co dim Z is even for the latter exact sequence to make sense.

Thomason developed a complete theory [19], in terms of K-theory of perfect com-
plexes. After the work of Waldhausen [20], followed by [19], K-theory spaces and spectra
became invariants of the corresponding chain complex categories. Eventually, it perco-
lated to the K-theory of perfect complexes [19]. The homotopy fiber of q is described as
K-theory of Perfz(X) in [19] (see §C for notation). This description of the homotopy
fiber of g in [19] was label as a “revolutionary advance” [19, pp 337] compared to Theo-
rem 1.1. However, I believe that K-theory should be a story of exact categories, which
is what we do in this article.

We insert the following example, for perspective.

Example 1.4 (Deligne [3]). Let (A, m) be a local noetherian commutative ring, which
is not Cohen Macaulay. Let X = Spec(A4), Z = V(m) and U = X — Z. In this case,
CMZ(X) = {0}. There is an example of a non Cohen Macaulay ring A, suggested by
Deligne [3], such that K (¥ (X)) # K (¥ (U)). Therefore, the sequence

K(CMZ(X)) — K(¥ (X)) —— K(¥(U)) (5)

is not a homotopy fibration. However, Thomason computes [19] the homotopy fiber of
q, as K (Perfz(X)), which is non trivial because q is not an equivalence. It would be
hard to imagine a subcategory . C Coh(X), such that K (Perfz(X)) = K (4¢). Note,
while CM#(X) = 0, there is no natural functor from Coh?(X) to Perfz(X).

Differences between our results and that in [19] is clarified in (1.4). While the spec-
trum K (Perfz(X)) is a description of homotopy fiber of g, it does not answer the
question 1.2. To respond to Problem 1.2, we need a subcategory % C Coh(X) and
an equivalence K (Perfz(X)) = K (), which is essentially impossible in the case
of (1.4). In [19,16] there is no natural candidate to take the place of 4. When Z is
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complete intersection, we establish that ## = CM?#(X) will do the job, and we estab-
lish in the Agreement theorems (6.10, 6.11) that K (CM?(X)) = K (Perfz(X)) and
GW (CM?#(X)) = GW (Perfz(X)), as two homotopy fibers must agree. In particular,
in this article, we settle the conjecture of Gersten [3, pp 343] and of Weibel [21, pp 199],
which is the case codim(Z) = 1 of (1.2); along with the Problem 1.2 in all codimensions
codim(Z) > 1.

As usual, work on GW-theory follows the advancements in K-theory [20,19]. We prove
the GW analogues of the K-theory conjecture. In [16], GW-theory was developed in the
framework of dg categories. As far as this article is concerned, all we need to know is,
for an exact category &, the category Ch® (&) of bounded complexes in & has a dg
category structure, which we denote by dgé&. If & := (&,", ) has a duality, then dg&
is a dg category with duality and weak equivalences (the quasi isomorphisms). Due to
the shift functor T on dgé, we obtain one shifted GW ™ (dg&) € BiSp Karoubi GW
bispectrum, for each n € Z. However, GW " (dg&’) has four periodicity. Further, & itself
can be considered as a dg category, concentrated at degree zero, which has its Karoubi
GW bispectrum. In summary, we have

GW (&) := GW (&, ,w) = GW (dg&)
GW (&) :=GW (&,Y,—w) = GWE (dg&)

In section B we give an overview of all these on Karoubi GW bispectrum. In this in-
troduction, we only stated our results on GW (—)i, as above (2). We refer to the main
body of this article for results on GW™ (dg—).

In section 6 we give a number of applications of our main results (2), both on K
theory and GW theory. These include (1) Cohen Macaulay local rings (A, m), (2) The
case, when Z = {my, my,..., my} is a set closed points, which is complete intersection.
(3) The case when U is regular, (4) Agreement with Thomason’s description on K theory
fiber of q, and Agreement with Schlichting’s description on Karoubi GW theory fiber of
p, (5) Excision, (6) Mayer-Vietories.

For completeness, we pose the following conjecture, which elevates Problem 1.2.

Conjecture 1.5. Suppose X is a quasi projective scheme over a noetherian affine scheme
Spec (A4), and d = dim X. Let U be an open subset and Z = X — U. Assume that Z has
a subscheme structure, such that Z — X is a reqular embedding, with k = codim Z =
grade(Z, X). Then the sequences

K (CMZ(X)) — K (#(X)) ——= K (#(U)) in Sp

GW (CMZ(X))" ——= GW (¥(X)) ——=CW (Y(U))  inBiSp, ke2z
GWIH (CM? (X)) —— GW (¥ (X)) —=GW(Y(U)) in BiSp

(6)
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are homotopy fibrations, in the respective categories.

Question of localization has always been an open problem among the expert, and
absence of such a theorem was always felt. The description in [19] did not level it up
with the formulation in (1.1). It is unlikely that Quillen himself had only a bank sheet,
beyond the case of codimension one, in spite of Theorem 1.1. Again, in the light of (1.1),
it is reasonable to speculate the Quillen’s formulation would be the same as (6). For
this reason I would refer to this conjecture as the Quillen-localization conjecture. To the
best of our search there is no documented statement in the literature, on this localiza-
tion problem. The results in this article provide evidence in support of this conjecture.
Secondly, regular embedding has always been a gold standard in many facets of math-
ematics. For example, intersection products behave fairly well for regular embeddings
Z — X [1, Chap 6].

Regarding the organization of this article, most notations are summarized in section C.
Notations and overview on hermitian theory are in section B. Some background on
scheme theory (grades, annihilators, perfect modules) is in section A. In section 2, we
construct certain maps from some Koszul complexes, to certain complexes of modules, in
order to approximate homologies, by perfect modules. This section 2 is the heart of the
technical machineries, that are used in this article. In section 3 we establish equivalences
of certain derived categories, which are used to prove our main results. Our main results
on K theory fiber are in section 4, and the main results on Karoubi GW theory fiber are
in section 5. Applications are dealt with in section 6.

Acknowledgment: I would like to thank Daniel Grayson for many helpful communication
and in particular, for his formulation of Problem 1.2. I also thank Amalendu Krishna
for helpful discussions and encouragement. I am also thankful to Anand Swant for his
hospitality and discussions during my visit to TIFR in summer 2024.

2. Koszul construction of Foxby

In this section we prove our main technical machinery. Throughout this article we will
be working with the following setup.

Setup 2.1. As in section C, let X be a quasi projective scheme over a noetherian affine
scheme Spec (A). In particular, S = @,,~,S» is a graded noetherian ring and ¥ =
Proj (S), and X C Y is open (and dense). In general Z C X will denote a closed subset,
and U = X — Z. For our purpose S = A [zg,z1,...,2,] with dega; = 1.

Our focus will be when Z = V(f1,fa,...,fx) N X, where f1,f2,...,fx € S are ho-
mogeneous. Further, f;,,fi,,...,fi; induce regular sequences on X, V 1 < i3 < iz <
-+ < ij < k. (This means that the corresponding Koszul complezes on X are exact at

all degrees higher than zero. More precisely, Vo € X, if z;, ¢ @ then I ,;rlk is

1y
Tig i

regular on S(.y.) We say that Z has a structure of complete intersection subscheme in
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X (with grade(Z,X) = k or codim(Z) = k). Such complete intersection subschemes
Z C X, and the corresponding Koszul complexes were extensively studied by this au-
thor [13,12,11,10]. Readers are cautioned that, as a closed subset, Z does not have any
canonical subscheme structure. When Z has a complete intersection structure, it will
have many such structures.

We recall the following Koszul complex construction.

Construction 2.2. Let S = ,,., S, be a graded noetherian ring and Y = Proj (5). Let
fi,f2,--, fx € S be homogeneous elements, with deg(f;) = r;. The Koszul complex
Ko(f1, fo,.--, fr) is constructed, as usual, while we view at it as a complex of graded
free (shifted) modules, and of graded S-module maps of degree zero. More explicitly,
consider the graded free S-module

k
P= @S(—m—)ei and the map ¢: P — S, defined by ¢(e;) = f; € 5.

i=1

So, ¢ € Hom(P,S) is a map of degree zero. Therefore, K, (¢) = Ko (f1, f2,---, fr) I8
the Koszul complex of ¢. In particular, the degree p-term of K(f1, f2,--., fx) is given
by

APP = @ S(*(T1‘1+7’i2+"'+7"ip))€il/\61‘2/\"'/\6%
1<iy <ig<---<ip<k

Sheafifying, we obtain the Koszul complex J#, (¢) = Hs (f1, fa,.-., fx) of locally free
sheaves, on Y. Again, the degree p-term is given by

Apf): @ Oy (—(Til—l—’/’h—‘r'—F’l“ip)) €iy Neiy N+ Nej,
1<y <in < <ip<k

The complex is exact, only at the points p € Y, such that fi, f2,..., fx induce S(,)-
regular sequences.

The following is an improvisation of a construction of Foxby [2].
Lemma 2.3. Let A be a commutative noetherian ring and

81 8[)
e M, —— M, M,y My M_y

be a complex of A-modules. Suppose f1, fa,..., fr € Ann (@ H;(M,)). As usual, subse-
quently we write Zy := Zy (M,) := ker (0y), By := By (M) := Image (01), and likewise.
Suppose z € Zy(M,) and consider the map vy : A — Zy such that vo(1) = z. Then
Vm > r there is a map of complexes
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Ko (f1" 13" ") — M > =W

Further, with diagonal map A : A™ — A", defined by (f1, fo, ..., fr), the maps V' can
be chosen consistently, as in the commutative diagram

m

Ko(f f3" o JI1) ——— M,
Ko(fH f5 o ) ——= M,

Proof. Let »r = 1. Then we have f € Ann (€@ H; (M,)). We note that fz € Bo(M,) is a
boundary. So, there is a choice my € M; such that dj(mq) = fz. Therefore, we have the

commutative diagram of complexes

0 Al 4 0
|
£l J/1
y
0 AL .4 0
|
vy | \LVO
\
M, —— M, My p My My ——--
1

This settles the proof when r = 1. Now suppose the proof is done for any sequence of
length r — 1. Let

F =&} _;Ae; denote the free module
F; = @;T:Li#jAei
€iyig-ri, — Ciy Nejgy N Ney V1<ip <ig<--- <ip <r

éi=e1N--ei_1ANejp1 N~ Neq—1 Ney skipping e;

By induction we assume that for each basis element €iriy...ip, With p < r — 1, we made
one choice m;,i,..i, € My, so that the following maps v} are defined, sending e;,,...;, —
Miyiy.. i, 10 partlcular for all 7, we made choices m; € MT 1 such that, we have mapb
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. IO i
0 Aéz AT_QFZ' F; A 0
|
ATTIA, l Ayl
Y r 1
0 Aé; AT2F, F A 0
|
éLHmL\L \L vy | \L
A

=

Mr Mr—l MT—2

Clearly, these vertical maps agree on the canonical bases of APF for all p < r — 1.

Combining these, we get the maps for f7 =, f5 %, ..., f7~. We obtain
m fr
0 ATF AP — = AT2F F A 0
/ |
det}A)l l J/ Al l1
y K,:71 Y f:—l
0 > A"F ATTIF — s AT2F F— A 0
/ A !
/ \\ €y | vIZ] vy | vo
/ \ Y
M, M, 1 M, e M, My
/ P d\ dr_1
dr \ A
/ . s N
v £ N\
Brfl = > Lr—1

Write e = e; Aes A--- Ae,.. We have

Z:I: lyrmlé) =0 So, vIT{kITMe) € Z,_1 (M,) isa cycle.

T

Therefore
vl kp(e) = det(A) (v/Z{k(e)) € By_1 (M,) is a boundary.
So, we can pick
mis.... € M, E) dy (mi2...) = v KL(€)
Define
vi(e) = mig...,r

This settles the inductive step, for m = r. For m > r+1, v" is defined by the consistency
diagram (7).
This completes the inductive case. The proof is complete. O



214 S. Mandal / Journal of Algebra 680 (2025) 205-266

Now we do the same (2.3) for projective schemes Y.

Proposition 2.4. Let Y = Proj (S) be projective scheme over a noetherian affine scheme
Spec (A), as in (2.1). Let

O
e Ty —— T F Fo —> F_, (8)

be a bounded complex of coherent Oy -module. Write M = @ H; (Fs) and I C S be a
homogeneous ideal such that I = ann(M). Let f1,f2, ..., fx € I be homogeneous elements.
Then there is a map of complexes ve : & — Fo such that

1. First, & € Y (Y) Vi, and & = 0 unless 0 < i < k.
2. The map vy : & — Zo (%) is surjective, and hence Ho(ve) : Ho (&) — Ho (%) is
surjective.

3. In fact, & will be the direct sum of certain Koszul complexes, similar to the map (7).
And

t
@)
Ho (&) @ L = ( Y ) m >0, for somet (9)
( T7f72n""’f,]’€n)
and for some line bundle L (i.e. up to a twist).
4. Assume fi,fa,...,fx induce a regular sequence on an open subset X C'Y (see 2.1).
Then

(Ho (&))x € CMZ(X)  with Z =V (f1,f2,...,fx) N X.

Proof. As the diagram (9) suggests, for fixed k and m > k we will construct one map
v and v, := v* will be a map, as requited. By twisting (8) high enough, we assume
F;, the boundaries B; (%, ), the cycles Z; (%,), and the homologies H; (.%#,) are globally

generated and

Hi(Y, Z) =0 Vi>1
H'(Y,B; () =0 Vi>1Yj

_ 5, IIL.5.2, TIL5.3
H (Y, 2, (F) =0 ¥i>1Yj > ’ ]
Hi(Y,H; (F.) =0 Vi>1Vj

Let z € H°(Y, 25 (%)) and let pu, : Oy — Zo(F,) C Fo be the map induced by
1 +— z. By induction on k, we prove that for any selection of 1 < i1 <9 < --- < i, <k,
there is a map of complexes

ve Ko (F0, 500, ") — Fa Ym>7r (10)
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1. This Koszul complex o (f;’f, m ,f:’:) = K, ((,0/:1\/“) is built from the map of

i)
graded modules @} ; : Fj .0, = @;:1 Se;, — S sending e; — ;™.
2. V) =y

3. With the map

A= Ajiy..t, = Diagonal (fi,, - .-, §i,) : Fijiy..i, — Fijiy...i,

we define "1 = 1A So, there are commutative diagrams of maps in Ch? (Coh(Y)):
Ka (T ) S K (R T)
Tl N ll,:n Ym >r
Vnz:l\ ~
° - ng.
Denote d; = deg(f;). Consider the diagram
f1
S(—d1) S

l“z (11)
F* (}/) BO (Ya y’))g F* (Y7 ZO (Y7 g‘))
The sheafification, leads to diagram

f1
Oy (—dy) Oy

-

—_~— —_~

Lo (Y,Bo (Y, 7)) T (Y, 20 (Y, F0)) —— 120 (Y, Fs)

Note, the map p.f1 : Oy — Z5(%,) (d1) is given by 1 — f1z. We have the exact
sequence

0 — H°(Y, By (Fe) (dv)) — H (Y, 20 (Fs) (d1)) —= H° (Y, Ho (F) (d1)) — 0

Since f1 € Ann ((Ho (Z.)), the global section f12 € H° (Y, By(d;)). It follows from the
exact sequence above, that the above map factors as follows:

f1

Oy (—dy) Oy

|
pef1 \L#Z
\
Bo (F2) > 2 (F2) —= Ho ()
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The vertical broken arrow is given by the global section f12 € H (Y, By (Z,) (d1)). We
also have the exact sequence

0 ——= HO(Y, 21 (F) (d1)) — H° (Y, F1(dr)) — H° (Y, By () (d1) —= 0

Now we make a choice m; € H® (X,.%(d1)) such that e(m;) = f12. This gives a map

Vi

a7
OY 1l—mq Jl(dl)
So, the above diagram lifts as follows:
f1

Ox(—dy) Ox

ml(dl) ~ |
s g pzf1 Hz (12)

¥ Y

fl —_— BO (ﬂ\.)% Z() (y.) —> Ho (3/’\.)

Likewise we make one choice m; for ¢ = 1,2,...,k, and do the same. This completes the
proof, when r = 1.

Now suppose it is done for any sequence of length »r — 1 < k — 1. In fact, we can
assume r = k, for notational conveniences. Before we proceed with the inductive step,
we fix some notation

F= @?:1 S€j

Fiyiy.i, = @D, Sey,

Fi:@?:l,j;éi Se;

Civig--i, — Ciy A e, /\~-~/\eip V1<ig <ig<--- <ip <k
éj :61/\~"/\€i_1/\€i+1/\~'~/\€k

e=e N~ Ne; N---Neg

We define two sets of maps

= Pivig. iy quzmtp > S €i; fij
A= Agyiy iy Fiyig iy — Fiyiyi, €0y = fijeq;

By inductive hypothesis, for all 1 < i; <2 < ... <1, <k, with p < k — 1 we made
choices

Miyig..i, € H* (Y, Fr1 (—(diy ++--+d;,))), Denote 1y =my ;1415 (13)

For j =1,2,...,k, such choices lead to the maps,
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N N ka
0 Sé] ATﬁQFj FJ S 0
|
Ar‘lAl l Al 1
A Y <pk71
0 Sé] AT72Fj Fj S 0
|
éﬁ—)ﬁwl l 12 Vo
\
M, M, 1 M, 5 My M 4

where, we denote
M; =T, (Y, %) = P H (Y, Zi(n))
n>0

These maps agree on the common bases of the respective Koszul complexes. Combining
these k& maps, we obtain the following map

K* LPk
0 Se AIE — > AF2F F S 0
|
det(A)l lA’“lA l Al \Ll
k1 \ @k—l
0 Se A1 — s AF2F F S 0
|
€jrmi l vil \L v | \L vo
\4
My, M1 — My_2 M, My
k—1
It follows dj_ vy 1kF~1 = 0. Therefore vp~1x#~1(¢) € ker(dy—1). Now sheafify this
diagram. We obtain the diagram
K* LPk
0 —— Oy (—kd) —— Ki—1(¢*) —= Ki—2(¢*) — -+ — K1(¢*) —= Oy — 0

|
det(A)l \LAk—lA \L Al \Ll
o k—1

I{k 1
0 — Oy (=(k = 1)d) = Kp-1(p*7") = Kp—a(" ) = -

I
~ S k—1
ej»—>mj \Lykl \L vy |

Fpe1 ——> Fp_2

\
Z, 7 Ty = -~
di_1

where d = Zle d;. We redraw this diagram:
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Hk

0 Oy (—kd) Kr-1(¢*) Kr—2(¢*)
/
d/e((A)l AFTIA J/
/ Nk—l
0 ———/Oy(=(k = 1)d) —— Kr1(p*71) — Kia(p*7)
C N
// h N gy | vh] l (14)
/ N g
N ﬁk A < ﬁk—l g\k—Q
/ N dr—1
/ / h
/ N
¥ N J
Bk_l (ﬁ.)( Zk—l (54\0)

It follows vF~1kF=1 factors through n. The exact sequence
k—1 n

0 —— Br_1(Fe) — 2,1 (Fs) — Hr—1 (Fo) —= 0
induces the exact sequence
0—T.(X,B,1) —T.(X,Z2,1) —=T. (X, H,—1) —>0
Note that the map det(A) is induced by the product fifs - - - fx. Since f; € I it follows

that the det(A)n factors thorough a map ¢ : Oy (—kd) — Bi_1 (%), as in diagram
(14). We further have the exact sequence

0 —— Z.(Fo) —> Fr(Fs) — Br_1(Fs) — 0
This induces the exact sequence

0 =T (Y, 2, ()~ T\ (Y, ) —= T (Y, Byy (F2)) —— 0

The map ¢ is induced by a map w : Se — H° (Y, %)_1 (F,) (kd)). Write w(e) = € €
H° (Y, B_1(kd)). Now we make a choice

mags..k € H* (Y, Fp(kd)) e q(mizs.x) =€
Define
V,’j : Oy (—kd) — F, by I/Ikc(t) = Mm123..k
This completes the construction of (10), as hypothesized.

Note, we assumed Zj (:%#,) is generated by finitely many global sections z1, zo, ..., 2+ €
H° (Y, Zy (Z,)). We construct and define ¢ maps:
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VI K (G, ) — Fe v (1) = 2

Taking direct sum

t t
Ve = @V{j’] 16y 1= @K(fl,...,fk) — Fe
j=1 j=1
With v, = v} with n > k the proposition is established. To see this, first we have

t
Ho (&) = (9\/—X> in this case, after some twist. (15)
( )

fis- Tk

So, (3) holds up to some twist. Likewise, (1, 2) in this twisted case, and hence they hold
after twisting back, as well.

Finally, since fi,...,fr induce a regular sequence on X, it follows from (15) that
Ho (64)x € CM?(X). So, (3) is also established. The proof is complete. O

Before we do the quasi projective version of (2.4), we insert the following extension of
[5, BEx. 11.5.15).

Lemma 2.5. Let Y be a noetherian scheme and t : X < Y be an open subset. Let 9, be
a complex coherent Ox-modules, as follows:

Ok O
D1 G a G Y1 . “% A

Consider the direct image complexr 1.%,, which is a complex of quasi coherent Oy -
modules. Then there is a sub complex Fq C 1+% of coherent Oy -modules, which extends

Y.
Proof. By [5, Ex 11.1.15], for » = —1,0,...,k,k + 1, there are coherent Oy-modules
F,. C 1,9, which extends ¥,.. However the direct image ¢,0, may not restrict to a map
from F. to F,._q1. To correct this, inductively we define

Frv1 = Foy1, P = Fi + 00641 (Frg1) 5o, Fr = Fio + 00041 (Fry1) - -

For open subsets U C X, inductively, we have

F+1(U) = Fe1(U) = G 1 (U)
cg.k(U) = Fk(U) + 8k+1gk+1(U) = gk(U)

yr(U) = F’I‘(U) + arJrlngrl(U) = gr(U)
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The proof is complete. O

The following is the main result in this section, which is a quasi projective version of
(2.4).

Theorem 2.6. Let X be a quasi projective scheme over a noetherian affine scheme
Spec (A), as in (2.1). Let Z C X be a closed subset, with grade(Z,X) = k. Let

R @, g > g (16)

be a complex in Coh(X), such that the homologies H; (%) € Coh?(X) Vi =0,1,.... k.
Then there is a sequence f1,fa,...,fx on X such that Z C V(f1,f2,...,fx) and a map of
complexes Ve : o — Yy such that

1. First, & € V(X) Vi, and &, =0 unless 0 < 1 < k.

2. The map vy : & — Zo (%) is surjective, and hence Ho(ve) : Ho (&) — Ho (%) is
also surjective. Further, f1,...,fx is a reqular sequence on X (see 2.1). Consequently,
H; (&) =0Vi>1.

3. In fact, & will be the direct sum of certain Koszul complezes, similar to the map (7).
And

Ho () ® L = /C_)\X/ m >0, for somet (17)

(B T

and for some line bundle L (i.e. up to a twist).
4. Finally, if Z =V (f1,f2,...,fx) N X is complete intersection, as in Setup 2.1, then
further (Ho (63))x € CM?(X).

Proof. We assume ¥4, = 0, n > k + 2, because there is no loss of generality. We
will complete the proof, by an application of (2.4). We will deal with (4) at the
end and prove the rest first. Assume X C Y = Proj(S) is open and dense, where
S =D,505 = Alr1,22,...,2n], with degz; = 1. Let Z = U§:1 V(p;) N X be an
irreducible decomposition, with p; € X and J = m§:1 05

By (2.5) there is a subcomplex %, C (,%, of coherent Oy-modules such that
the restriction F¢|x = Y. Since t.%|y_y(5) = 0, we have Fq;y_y () = 0. It fol-
lows that Supp (P H; (%)) C V(J). Let I C S be a homogeneous ideal such that
I = ann (@ H;i(F)). So, V(I) € V(J) and hence J? C I, for p > 0. Further
I = (B Hi (%)) = I)x.

Inductively, we pick f1, fo, ..., fx € JP that induce an Ox-regular sequences on X.
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1. Let py,...,p, be the associated primes of S, such that p; € X. So, p; corre-
sponds to associated primes of S ). Suppose J C p;. This is impossible because
grade((J(pi), OX,W) > k. So, we can pick a homogeneous element f; € J? — | Jp;.

2. Now assume fi,...,fy—1 € JP, with u < r, has been selected so that, any of its
subsequence, will induce a regular Ox-sequence. Let

P{péX:pGAss(L) :v§u1,1§i1<~~~<iv§u1}
(fh’ 7fiy)
Suppose J C p € P. This is impossible because grade (J(p), S(p)) > k. So, we pick

fu € JP — U {p:pe€P} where f, is homogeneous.

So, the existence of fi,fa,...,fr € JP is established. In the case of point (4), we do not
go through this process, and instead use

fr=f1, =1, ... h=fleJ’CI

which is also a regular sequence on X, by hypothesis. Apply (2.4) to the extended
complex .%,. This way we obtain a map v, : e —> F,, satisfying all the properties in
(2.4). Now the theorem follows by restricting v to X. The proof is complete. O

The following small improvement of (2.6) will be some use in future.
Corollary 2.7. Consider the hypotheses of (2.06). Further assume that Zy(%.) €

Cohz(X). Then the map ve : &4 —> Yy in (2.6), can be constructed with the addi-
tional property that vy factors as follows:

Ho(&)

Proof. Use the notations as in the proof of (2.6, 2.4). We outline the adjustments needed
to proof of (2.6). There is no loss of generality, if we assume Zy (%) = %.

Asin (2.6), let .#, be an extension of %, to Y = Proj (5). Let K C S be a homogeneous
ideal, such that K = ann (). It follows Supp (Zo ® (D Hi (F.))) C V(J). So, V(K N
I) C V(J) and hence JP C KNI for some p > 0. So, we have the choices of {1, fa, ..., fr €
JPC KNI

Now we do the adjustment needed in the proof of (2.4). In the diagram (11), we have
f1z = 0. It follows from this that the diagram (12) can be extended to the following
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i
Ox(—dy) Ox Oy

o l l 1. commutative diagram Ym>1 (18)

F1

Therefore, the diagram

Ko, ... fm o Oy
1(F1 fi') X (7 )
K1 l Ho o commutes Vm >k
Mo
91 Zo (ﬂ.) — > Ho (ﬁ.)

The map v{* is obtained by taking direct sum of such diagrams. This establishes the
corollary. The proof is complete. O

The following basic result is a consequence of (2.6), which is a refinement of [13, Lem
29).

Corollary 2.8. As in (2.6), let X be a quasi projective scheme over Spec (A), and Z C X
be a closed subset, with structure of a complete intersection subscheme, as in the setup
(2.1). Let # € Coh?(X). Then there is a surjective map

e 7 with & € CM?(X).

Proof. Tt is immediate application of (2.6) to the complex 0 — > % — > (0 . The
proof is complete. O

3. Derived equivalences

In this section, we prove two equivalence theorems (3.2, 3.11) and summarize them
in Theorem 3.12. Before we proceed we recall the following from [13, Lem 3.2] that is
needed to prove the first equivalence Theorem 3.2.

Lemma 3.1. Let o/ be an abelian category and Fo,% be two objects in the bounded
derived category D®(.o7). Assume, for some ng € Z, we have

Hr(y.):() V’I"S?’Lo—l
H. (%) =0 VYr>ng

Then Morps (o) (Fe, %) = 0. Further, if ¥ C &/ is a resolving subcategory, then the
same holds for D®(¥).
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The following is the statement of our first equivalence theorem.

Theorem 3.2. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
as in section C. So, X CY := Proj(S) is open, as in (C.2). Let Z C X be a closed
subset. Consider the commutative diagram of natural functors

Lz Cz

D* (M?(X)) —— 75 (M(X)) <— 75 (¥ (X))

L

Then ¢ and (z are natural equivalences. Further, if Z has a structure of a complete
intersection subscheme, with grade(Z,X) = k, as in the setup (2.1) then vz is also a
natural equivalence.

D’ (M(X)) < D*(

C X))

Proof. It is well known that the functor ¢ : D (7 (X)) — D? (M(X)) is an equivalence
(e.g. one can use [7, Sec. 1.5]). Restricting this equivalence to 2% (7(X)), it is clear that
(z is an equivalence. For future reference we comment that inverse of (7 is given by the
double complex trick.

So, now we prove that ¢z is an equivalence, when Z is a complete intersection as in
(2.1). We write the proof in the following propositions. See Remark 3.5. O

The following is an analogue of [13, Prop 3.4].

Proposition 3.3. Use the notations as in Theorem 3.2. Assume Z has a complete inter-
section subscheme structure, with grade(Z,X) =k, as in (2.1). Then, vz is essentially
surjective and full.

Proof. We will write ¢ := 1z. Note that ¢ is an inclusion, at object level. For %, €
Ch*(Coh(X)), we say

width (Fe) <1, if Hp(Fe)=0, Vp¢ [n,n+r], forsome neZ.
We use induction on the width r, and prove the following:

1. Let Zy € 2% (M(X)) and width (F,) < r. Then F, = 15 (3}.), for some Z#, €
Obj (D? (M?(X))).
2. Given %,,%, € Obj (Db (MZ(X))), with width (Fe @ %) < r, the map
MOT'Db(MZ(X)) (j.,%.) - MOT@%(M(X)) (ﬂ.,g.)

is surjective.
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Let F, € 2% (M(X)) and width(%,) < r = 0. We can assume n = 0 and hence
H; (Fe) = 0, Vi # 0. By replacing %y by Zy = ker (%y — F_1) € M(X), we can
assume that .%; = 0, Vi < —1. Note, By = I'mage (#1 — o) € M(X). So, Ho (Fs) =
%?) € MZ(X). As usual, we treat Ho () as a complex in D? (MZ(X)), concentrated
at degree zero. It follows that the map #o — ¢ (Ho (%)) is a quasi isomorphism, in
Ch® (M(X)). So, (1) is established, when r = 0.

Now suppose Z,,% € Obj (D’ (M?#(X))) and width (Fs P %) < r = 0. We can

assuine

Let fo € Morgy v(x)) (Fe,%). We can write

fo=gutdt s 7, <y, g,
where t, is a quasi isomorphism in Ch® (M?(X))
As before, we can assume .#; = #; =¥, = 0 Vi < —1. Now, the commutative diagram

te e

Fe e Yo

[

Fe) <—— e
Ho (Fa) Py Ho (¥s) s Ho (%)

gives a lift of fo. In other words, f, =1 (5_17{0 (9¢) Ho (ta) ™" a). So, (2) is established,
when r = 0.

For the inductive step, assume r > 1. Let .#, € Obj(2% (M(X)), with width (F,) < r.
We can assume

Hi(Fe) =0 wnless r>i>0 and Ho(ZF.)#0, Supp(H, (%)) CZ Vi

As before, we can assume that .%; =0, Vi < —1. Since Z is complete intersection, with
grade(Z, X) = k, by Theorem 2.6(4), there is a morphism v, : & — %, such that

1. the complex &, € D (¥ (X)), & = 0 unless 0 < i < k := grade(Z, X).
2. Hi (&) =0, Vi #0.

3. Ho (&) € CMZ(X).

4. Finally, the map Ho (ve) : Ho (&a) — Ho (F.) is surjective.

As before, we consider Hy (&) € D (M#(X)), concentrated at degree zero. Then
L(Ho (&) 2 & € D% (M(X)). Embed v, in an exact triangle
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A, s 5 e 7, e A, in P (M(X)) (19)
The corresponding homology exact sequence yields the following:
1. The sequence

HO(V.
0 Hy () —= H (D) —= Ho (&) -2 4y () — =0

is exact, because Hg (v ) is surjective.
2. H; (A)) =0Vi<0.
3. Hi(As) ZHi (), Vi>2.

So, it follows width (A,) < r — 1. By induction, we obtain the following:

1. There is A, € D? (MZ (X)) such that . (&.) ~ A, in 2% (M(X)).
2. As before consider Hg(&,) € D’ (M?(X)), concentrated at degree zero. Then
width (Ho (6,) @ T 'A.) <7 — 1. By induction (2), there is a map

T-1A, P Ho (&) S 1(pe) = e as in the triangle (19).

Now, embed ¢, in an exact triangle

TR, 2 4y (&) e g, o R, in D’ (M?(X)). (20)
Take the image under ¢ and compare these two (19), (20) triangles

He Ve TNe

T_lA, (ga. y’ Ao

| I

T4 (&.) i (Ho (&) S L(;;.) ) L (ﬁ.)

The solid vertical arrows induce the broken arrow. Since the solid vertical arrows are
equivalences, so is the broken arrow. This completes the proof of the inductive step of
(1).

To prove the inductive step for (2), let Z,, %, be complexes in D? (M#(X)) and let
fe € Mor@%(M(X)) (Fe,%,), and width (Fe P %) < r. Assume F; =4, =0, Vi < —1
and, either Ho (Fs) # 0 or Ho (%) # 0. In either case, by Theorem 2.6(4), there are
morphisms v, : & — Fo, lie : Lo —> s of complexes such that
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1. Unless 0 < i < k = grade(Z,X), & = 0, %, = 0. Further, the complexes &,, %, €

Py (V(X)),
2. Hi (&) =0,H; (L) =0Vi#0.
3. We have
Ho (&) € CMZ(X)
Ho (L) € OMZ(X).
4. Finally,

are surjective.

Ho (ve) : Ho (6s) = Ho (Fs)
Ho (tte) : Ho (Ls) — Ho (%)

Consider the following commutative diagrams

& & Ho (&) —= 0 L —— Ly — Ho (L) — 0
21 i Vo i \LHO(V.) M1 \L Ho \L l’Ho(p«.)
91*>9‘0*>H0(ﬂ.)*>0 %1H%0H’H0(g.)%0

It follows from Corollary 2.7 of Theorem 2.6, the maps vg, Ho (ve) factors through a
surjective map Ho (&) — Fo and likewise for ug, Ho (e ), as in the diagrams:

(9(()1 5)0 Ho ((ga.) — 0 .,iﬂl — fo —— Ho (g.) —— O

|| e | e

jlﬁyoﬁ}[o(y.)ﬁo %H%HHM%)HO

Now treat Ho (&) and Ho (L), as two complexes in D (M#(X)), concentrated at
degree zero. The maps 7, @ extend to maps of complexes T,, [1,, as in the commutative

diagrams
Ho (66) Ho (L)
/ l”- and / l“- which reside in Zz (M(X))
bo ——= T Zs " Y

By replacing % by &e @ L and pie := fole + Lte, We can assume that the diagram
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Ve o
_—

F
@, l feo commutes.

0

N

- .
He

This extends to the commutative diagram

Ve

o0 Ho (éo.) feo

The middle vertical map is pe := Ho(Pe). Embed 7, and 7, in exact triangles in
D’ (MZ(X)), as follows:

T 1Ay —= Ho (&) — Ty — A,

T_lf. —_— H() (gg) e g. I F.

He

Since fo is in 2% (M(X)) we extend it, as follows:

Ve

T_lA. — Ho (é".) — Fe ——> A,

T ', : ls@- if. : 7o in 25 (M(X)). (21)
] Y
T—1F. — = H, (.,iﬂ.) — 4Gy —— T,

Here 7, in 2% (M(X)) is obtained, by properties of triangulated categories. The induction
hypothesis applies to 7. So, there are morphisms

Do := e : Ho (&6) — Ho (L) . L(Pe) = e
{77. t Ay — 13. i in D*(M7(X)) > { =

Now consider the diagram
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Ve

T Ay —— Ho () —— Fo — A,

Tlf,l sﬁl Vg- lﬁ (22)

TﬁlFo - HO (,,2”.) — E40 I Fo

It is clear that the left hand rectangle commutes in 2% (M(Z)). By Lemma 3.1, it follows
that the left hand square commutes in D (MZ (X )) By properties of the triangulated
category Db (MZ(X)), it follows that there is a map ge : .Fo —> %, in D? (MZ(X)), SO
that the above diagram commutes.

Now we claim that f, is in the image of . Write h = fo—¢(ge). Apply ¢ to the diagram
(22) and take the difference with diagram (21). This way we obtain the following diagram:

T_lA. SN ’HO (éa.) ;. 0“. H .

F A

/ \
ol OJ/ i lo
s Y

r

T-'Ty — = Ho (L) — 9,

e

—_—

The maps w and ¢ are obtained by weak kernel and weak cokernel properties.

1. Consider the case, Ho (Fs) = 0. By Lemma 3.1 Morgy (v(x)) (Fe, Ho (La)) = 0. So,
w = 0 and hence h = 0. Therefore, ¢ (ge) = fo. So, the proposition is established
whenever width (F @ %) < r and Ho (F.) = 0.

2. Consider the case, Ho (%) # 0. In this case, Ho (As) = 0, and width (Ae P %) < r
So, by the above case,

Morpsmz(x)) (Be,%e) = Morgs vz (x)) (Ao, %) is surjective.

Therefore ¢(€) = ¢, for some €. Hence h = ¢(é7) is in the image of .. Hence f, =
t(ge) + h =1 ((ge + €7) is in the image of ¢.

The proof is complete. O
Now we prove the faithfulness of ¢, .

Proposition 3.4. Use the notations, as in (3.2). Assume that Z has a complete intersec-
tion subscheme structure, as in (2.1). Then the functor v := vz is faithful.

Proof. Let f, : Fo — %, be a map in D (MZ(X)), and tz (fe) = 0. We prove fo = 0.
We can assume that f, is denominator free. So, f, is a morphism in Ch? (MZ (X ))
Embed f, in an exact triangle
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A, 2 g, g AL

Applying ¢z, we obtain the exact triangle

Fe
Me
l 1 in 2% (M(X))
T-1A, Fo 9, A,
Je 0 h.

By fullness (3.3), there is
e € MO’I“Db(MZ(X)) (f.,T_lA.) > Lz (’I].) = Te-

Now we embed ge7e in an exact triangle

F, 2" g, r. 77, i D'(M?(X)).

Under ¢z, this exact triangle maps to

T — > 7, r, T.#, in 25 M(X)).

This means that I'y 2 0 is acyclic in 2% (M(X)). In other words, it is exact, and hence
is acyclic (exact) in D* (M#(X)), as well. It follows now that ge7je is an isomorphism

in 2% (M(X)). Therefore g (ﬁ. (g.ﬁ.)_l) = 1g,. So, ge splits in 2% (M(X)). Since
foge = 0, it follows fo =0 in 2% (M(X)). The proof is complete. O

Remark 3.5. This completes the proof of Theorem 3.2.
3.1. The category CMZ(X) of perfect modules

The importance of various categories of perfect modules in K-theory was already
evident in [13,12,10] and others. In this article, we further work with that category of
perfect modules CM?(X), with support in Z. Its importance in hermitian theory is
particularly crucial, because it CMZ(X) has a natural duality. In this subsection, we
prove the equivalence D’ (CM# (X)) = D® (M#(X)) of the derived categories, under the
setup (2.1). We augment the equivalence in Theorem 3.2, with this further equivalence.
First, we establish some preparatory work.
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Lemma 3.6. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
as in (C.1, C.2). So, X CY := Proj(S) is open. Let Z C X be a closed subset and
grade(Z, X) = k. Consider the exact sequence

0 H & F 0

Suppose €CMZ (X) and FeM? (X). Then dimy (x) % < max {k,dim«,/(X) F — 1}.
In case max {k7dimy(x) F — 1} =dimy (x) # — 1 then dimy (x) % = dimy (x) F — 1.

Proof. Use Tor argument, locally. O
We record some basic properties of the category CM#(X), as follows.

Lemma 3.7. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
as in (C.1, C.2). So, X CY := Proj(S) is open. Let Z C X be a closed subset and
grade(Z, X) = k.

1. Suppose & € CM?(X) and £ € ¥V (X). Then & @ & € CM?(X).
2. Suppose .F € Coh?(X) and Z has a complete intersection subscheme structure, as in
(2.1). Then there is a surjective map ¢ : & — F where & € CMZ(X).

Proof. First, (1) is obvious. Now, (2) is a restatement of Corollary 2.8. O

Lemma 3.8. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
as in (C.1, C.2). So, X CY := Proj(S) is open, for some Y. Let Z C X be closed
subset, with a complete intersection subscheme structure, as in (2.1). Let # € M?(X).
Then there is a resolution

dnfl
0 — %, —= L1 24 £

Y
o

> % € CM?(X)
where n = dimy (x) F — k.
Proof. Write m = dimy (x)(#). Then k = grade(Z, X) < grade(F) < m. lf m =k

then .# € CM?#(X). Therefore, assume k < m — 1. By (3.7) there is a surjective map
do : Lo — F, with £ € CMZ(X). Let & = ker(dp). So, we have the exact sequence

0 & % do z 0 with & € M?(X).

It follows, dimy (x) & = m — 1. Again, by (3.7) there is a surjective map d; : Z3 — &.
So, we have an exact sequence



S. Mandal / Journal of Algebra 680 (2025) 205-266 231

d d : z
0 & 31 ! % 'z 0 with & € M”(X).
Now the proof is complete, inductively. 0O
Lemma 3.9. Suppose X is a quasi projective scheme over Spec (A). Use other notations,

as in (C.1, C.2). So, X CY := Proj(S) is open for some Y. Let Z C X be a closed
subset and grade(Z,X) = k. Consider an exact sequence

0 H F 9 0 in  M?(X).

1. If #,9 € CMZ(X) then F € CMZ(X).
2. If 7,9 € CMZ(X) then # € CM?(X).

Proof. Suppose #,% € CMZ(X). It is immediate .# € MZ#(X) and k = dimy (x)(Z).
So, # € OCM#(X). This settles (1).

Now Z,4 € CM?#(X). So, # € M?(X). It is also clear dimy(x).# < k. Since
H € M?(X), grade(F) > k. So, k < grade(.F) < dimy (x)# < k. So, dimy (x) F = k.
This settles (2). The proof is complete. O

The following casts the above in the mold of resolving subcategories.

Corollary 3.10. Suppose X is a quasi projective scheme over Spec (A). Use other nota-
tions, as in (C.1), (C.2). So, X CY = Proj(S) is open. Let Z C X be a closed subset,
with a complete intersection subscheme structure, as in (2.1).

Then CMZ(X) C Coh?(X) is a resolving subcategory (in the sense of [1/, Def 3.1]).
Further,

M?(X) = {F € Coh”(X) : dimomz(x) F < oo}
Proof. Follows directly from (3.9, 3.7). O
Now, we are ready to state and prove the second equivalence theorem.
Theorem 3.11. Suppose X is a quasi projective scheme over Spec(A). Use other nota-
tions, as in (C.1, C.2). So, X CY := Proj(S) is open, for some Y. Let Z C X be a

closed subset. Assume Z has a complete intersection subscheme structure, as in (2.1).
Then the natural functor

D’ (CM?(X)) —— D’ (M#(X)) is an equivalence. (24)
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Proof. Consider the commutative diagram

0—>J£/177>é‘)17iq>y—>0
| |
qz2 | 91
\

(25)
0 Ay & —=F 0 in M?(X)

Here the second line is a given exact sequence in M?(X), and .% € CM#(X). By (3.7),
there is a surjective map q; : & — &, with & € CM?Z(X). Let #; = ker(eq;). Then
q1 induces a map qs : J# — 5. In fact, qo is surjective (use Snake Lemma). Further,
1 € CM?Z(X), by (3.9).

This shows that [7, Cond b, §1.5] is satisfied by the functor ¢ : CMZ(X) — M#(X).
By (3.10), any object # € M#(X) has a finite resolution by objects in CM#(X). In
other words, [7, Cond a, §1.5] is also satisfied by the functor (.

By [7, Last para of §1.5] (the dual version), it follows that the map (24), which is
induced by (, is an equivalence. The proof is complete. O

The following is the summary of the equivalences that we have established.

Theorem 3.12. Suppose X is a quasi projective scheme over Spec (A). Use other nota-
tions, as in (C.1, C.2). So, X CY := Proj(S) is open, for some Y. Let Z C X be a
closed subset. Assume Z has a complete intersection subscheme structure, as in (2.1).
Then we have the following equivalences of Derived categories:

D (CM” (X)) ~%= DP (M7 (X)) == 7 (M(X)) <" 25 (#(X))  (26)

All the functor o, B and n are defined naturally. The inverse of n is given by double
complex trick. For future reference (5.3), we note that there is a natural equivalence

n~'Ba

~

D’ (CM#(X)) 7% (VX)) @7

An object F € CM?Z(X) is treated as a complex concentrated at degree zero. We have
n~'Ba(F) = a resolution of .F

Proof. This follows from Theorems 3.11 and 3.2. The proof is complete. O

4. The K-theory localization sequence

In this section we discuss the main results on K-Theory exact sequences, in this article.
By K-Theory, we mean non connective version of K-theory, which takes values in the
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category Sp of spectrum of pointed spaces [10, pp 402]. We will not discuss connective
K-theory. However, for idempotent complete exact categories &, the nonnegative groups
K, (&) 2K, (&) ¥Yn > 0 are isomorphic [10, pp 406]. Subsequently, for an exact category
& the K-theory spectra of & will be denoted by K(&) [17, Section 2.4.3]. Unless stated

otherwise, we talk about K-theory of exact categories only.
Theorem 4.1. Suppose X is a quasi projective scheme over Spec (A). Use other notations,

asin (C.1, C.2). Let Z C X be a closed subset. Assume Z has a structure of a complete
intersection subscheme, as in (2.1). and Write U = X — Z. Then the sequence

K (CM?(X)) —= K (#(X)) —= K (#(U))  in  Sp (28)

is a homotopy fibration of spectra. Consequently, ¥Yn € Z, there is a long exact sequence
of K-groups:

- Ky (CMZ (X)) — K (V(X)) — Kn (¥ (U)) — Kpoy (CMZ (X)) — -

(29)
We further have homotopy equivalences:
K (CM7(X)) < K (M7 (X)) )
K (7(X)) — K (M(X))

Proof. Asin (C.1), for any exact subcategory Z(X) C Coh(X), denote the subcategories
ChlYy (B(X)) = {6 € Ch* (B(X)) : H; (&) € Coh?(X) V i}
We use this notation for B(X) = ¥(X), M(X) and others. These are treated as com-

plicial exact categories with weak equivalences (quasi isomorphisms). By Agreement
theorem [17, 2.4.3, 3.2.30], [10, pp 409] it follows

are homotopy equivalences in Sp.

AAERRBRRK

Now consider the sequence of functors
Ch? (CMZ(X)) — > Ch? (MZ(X)) ——= ChY (M(X))

of complicial exact categories. The functors of associated exact categories
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D’ (CM7(X)) — D" (M?(X)) —— 2 (M(X))

are equivalences, by Theorem 3.12. By Triangular equivalence ([17, Thm 3.2.29], [10, pp
409)), it follows that the following maps of K-theory spectra

K (Ch* (CMZ(X))) — K (Ch* (MZ(X))) — K (ChY (M(X))) in Sp

are homotopy equivalences. Combining with the above, we have a sequence of homotopy
equivalences

K (M#(X) — K (ChY (M(X))) — K (ChY (M(X))) in Sp

of K-theory spectra. Further, the functor of complicial exact categories, with weak equiv-
alences (i.e. the quasi isomorphisms)

ChYy (¥ (X)) — ChY (M(X)) induce the functor ¢ : 2% (¥ (X)) — 2% (M(X)).

The latter functor is also an equivalence, by Theorem 3.2. Hence by the triangular
equivalence theorem ([17, Thm 3.2.29], [10, pp 409]), it follows the map

K (ChY (7(X))) = K (ChY (M(X))) in  Sp
is a homotopy equivalence. Putting all these together,
K (M?(X) —> K (ChY, (M(X))) — K (ChY (M(X))) <— K (Chl; (M(X)))
is a zig-zag sequence of homotopy equivalences of spectra. Of course, homotopy inverse

of the last map is also given by a functor, by double complex.
Now consider the sequences for functors

ChY, (¥(X)) —= ChY (¥ (X)) —= Ch® (¥ (U))

| | |

ChY (M(X)) —= Ch* (M(X)) —= Ch® (M(U))
The induced diagram of the associated triangulated categories is as follows:

7y (V' (X)) — D" (¥(X)) —= D" (¥ (U))

| | J

7y (M(X)) — D* (M(X)) — D" (M(U))
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The lower line is exact up to factor (direct summand), by [17, Prop A.4.7]. Since the
vertical maps are equivalences, the first line is also exact up to factor. Consider the
diagram

K (M7 (X))
of maps of spectra. By Waldhausen-Thomason localization ([17, 3.2.27], [10, pp 408])
it follows that the third line is a homotopy fibration. Further the vertical maps are
homotopy equivalences. Therefore, the sequence

K (M?(X)) —= K (#(X)) —= K (¥(U))  in  Sp (31)

is a homotopy fibration. By similar argument, using the Agreement theorem [17, 3.2.30]
and [17, Thm 3.2.29], the following are equivalences of homotopy spectra:

K (Ch" (CM?(X))) —— K (Ch" (M7(X))

This establishes the equivalences (30). Combining with (31) it follows that the sequence
(28) is also a homotopy fibration. The proof is complete. O

5. The GW-theory localization sequence

In this section we develop exact sequence of GW-groups, similar to (28), (29). We
refer to section C for notations, in particular X denotes a quasi projective scheme over
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a noetherian affine scheme Spec (A). We assume 1/2 € A, in this section and whenever
we talk about hermitian (GW) theory. Further refer to sections B, B.1, B.2, B.3 for
background on GW theory, Karroubi GW bispectrum BiSp and others. In particular,
we distinguish GW bispectrum GW (& )i € BiSp of an exact category & with duality
and the bispectrum GW (dg&) € BiSp of the dg category dgé of its bounded chain
complexes. We will only discuss Karoubi GW bispectrum, outside the background given
in section B.

The GW-theory differs from K-theory, in that, for quasi projective schemes X over a
noetherian affine scheme Spec (A), the category M#(X) does not have a natural duality.
So, to do GW-theory (or GW, gW theory), our only option remains is to work with the
category CM? (X)) of perfect modules, which has a natural duality. Because of this our
results in the section are sharper than the results on K-theory in section 4.

Definition 5.1. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
as in (C.1, C.2). Let Z C X be a closed subset and grade(Z, X) = k. Fix an invertible
sheaf . on X. Define the functor

Vi= ()5 : CMZ(X) = OM?(X) by ZFY =&xth (F,2) (32)
Usually, we ignore to mention the label .Z. It is easy to check that v defines a duality.
Following are some more notations and some comments.

Notation 5.2. Suppose X is a quasi projective scheme over a noetherian affine scheme
Spec (A). Assume 1/2 € A. Let Z C X be a closed subset and grade(Z, X) = k. We also
fix an invertible sheaf .Z on X.

1. Recall the notations Perf(X), Perfz(X), dg&(X) and others from section C. We
will be mindful to add prefix dg to an exact category, when we want to distinguish
these two.

2. Given X, as above, we fix a minimal injective resolution .#, of Ox:

0 Ox S a Ty - (33)

Clearly, Sy € Perf(X).
Consequently, £ .7, := € @ S, € Perf(X), is an injective resolution of .Z.
For %, € Perf(X), we denote

FV = FY = Hom (Fe, L .I0). (34)

3. (Lemma:) It is a standard fact that the association .# +— #Y endows (dgPer f(X), q)
with a structure of a dg category with duality and weak equivalences. Here q denotes
the subcategory of quasi isomorphisms in Per f(X). For a proof see [16, Lem 4.8].
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Now we formulate a duality version of the main equivalence Theorem 3.12, as follows.

Proposition 5.3. Suppose X is a quasi projective scheme over Spec (A), with 1/2 € A.
Use other notations, as in (C.1, C.2). Let Z C X be a closed subset, with the structure
of a complete intersection subscheme, as in (2.1), and grade(Z,X) = k. We also fix an
invertible sheaf £ on X. Then there is a natural duality preserving equivalence

D’ (CM7 (X)) —= T+ (#(X) (35)

of derived categories. Here T denotes the shift functor, on either side. The duality on the
left side is induced by the duality given in Definition 5.1. The duality # on right side is
also induced by that on ¥ (X), namely # = T*Hom (—, %).

Proof. As was commented in Theorem 3.12, Equation (27), there is a natural equivalence
w: D" (CM? (X)) — 2% (7 (X))

of derived categories, given by resolutions. For .# € CM#(X), we have dimy (x) # = k.
It follows from this that w is actually an equivalence, as required (35). The proof is
complete. O

Readers are referred to [16, §1.10, pp. 1747], [10, Def 10.2.4, 10.2.15] for the jargon on
dg categories with duality and weak equivalences. As usual, in chain complex categories,
the quasi isomorphisms ¢ are the weak equivalences, by default.

Lemma 5.4. Suppose X is a quasi projective scheme over Spec (A) with 1/2 € A. Use
other notations, as in (C.1, C.2). Let Z C X be a closed subset and grade(Z,X) = k.
We also fiz an invertible sheaf £ on X. Then

1. The inclusion ¢ : dg, (¥ (X)) — dg (Perfz(X)) is a duality preserving morphism
of pointed dg categories with weak equivalences and duality. Here the duality on ¥ (X)
is given by F — Hom (F,%L), and duality on right hand side is as in (3/).
Further, the functor

T(dgz (V(X))) — T(dg (Perfz(X)))

of the associated triangulated categories, is a duality preserving equivalence.

2. The inclusion 3 : dg (CM?(X)) — T"(dg(Perfz(X))) is a duality preserving
morphism, of pointed dg categories with weak equivalences and duality, where T de-
notes the shift. The duality on dg (CMZ(X)) is induced by (32).

Further, assume that Z has structure of a complete intersection subscheme, as in
(2.1). Then the functor
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T (dg (CM?(X))) — T*T (dg (Perfz(X)))

of the associated triangulated categories is a duality preserving equivalence.

Proof. First, for #, € Ch®(7) the map Hom (Fe, L) — Hom (Fe, L -5s) is a quasi
isomorphism. By definition,  preserves duality. Now, we have the associated triangulated
categories

T(dgy (V(X))) = 75(V(X)
T (dg (Perfz(X))) = 7z (Perf(X))

In fact, the natural inclusion functor D (¥ (X)) — D (Perf(X)) is an equivalence,
by [19, Lem 3.8], [17, Prop 3.4.8]. Restricting this equivalence, to the complexes with
support on Z, we obtain that

Pz (V(X)) — Pz (Perf(X))

is an equivalence. This completes the proof of (1).

Now we proceed to prove (2). We use the generic notation ¥ to denote the dualities,
for all categories. First, we prove that 3 preserves duality. For .%, € Ch? (C’MZ (X )), its
dual is given as follows:

F) deg =n

N
= Exth (T, 1, L) — Exth (F_,, L) — Exth (F_ 1, L) — -

We are required to prove that
FJ = Hom (Fo, £ F,) s a quasi isomorphism
Since .#; € CM#(X) C CMF(X), we have k = grade (%;) = dimy(x) %;. Therefore
Ext" (#,%£)=0 Vi and r#k

With this summary, for .%#, € Ch® (CMZ (X )), we obtain the double complex:
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deg = —n

g%tk (ﬂ,L,1,$)

Exth (F,, L)

g.’l?tk (ﬁn+1,$)

Hom (Fp_1,LI_k)

Hom (Fp, L I_k)

Hom (Fps1, LI_f) ——= -+~
<o —— Hom (Fp_1, LI_(111)) — Hom (Fp, LI_(111)) — Hom (Fpq1, LI_(141)) —=

-« — Hom (tgn_l, fj_(k+2)) — Hom (3?,“ gj_(k+2)) — Hom (<glz+17 fj_(k+2)) —

Again, since .%,, € OCMZ(X) and k = grade(Z, X), all the vertical lines above are exact.
From this double complex, we obtain a natural transformation:

B(FY) —= B(F) = Hom (F, S)

which is a quasi isomorphism. This establishes that § preserves duality. Further, the
associated triangulated categories

T (dg (CMZ(X))) = D’ (CM?(X))
T (dg (Perfz(X))) = T*Dz (Perf(X))

Now we have a commutative diagram of functors:

D! (CMZ(X)) —— T2} (¥(X))

~
~N
~
- ¢
~
~ A

T*Dz (Perf(X))

When Z is complete intersection the horizontal arrow is an equivalence by (3.12). The
vertical arrow is also an equivalence by (1). This completes the proof of (2). O

5.1. Homotopy fibrations of GW theory bi-spectra BiSp

Now we state the equivalence theorem of GW-theory bi-Spectra. Refer to section B,
C for notations and definitions on GW-theory, spectra and bispectra. For a dg cat-
egory &/ = (o/,q,” ,w) with duality and weak equivalences, the GW bispectrum
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GW (&) € BiSp takes values in the category BiSp of bi-spectra (see §B.3). The GW-
groups GW#] (dg&) are defined as the homotopy groups Vn,p € Z. Similar notations
are used for exact categories with duality and weak equivalences (see §B).

Theorem 5.5. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
asin (C.1, C.2). Let Z C X be a closed subset, with a structure of a complete intersection
subscheme, as in (2.1), and grade(Z,X) = k. We also fix an invertible sheaf £ on X.
We assume 1/2 € A. Then the following zig-zag sequence

GWI (dgCM? (X)) —— GW Itk (dg (Perf;(X))) =<— GWI+H (dg, 7 (X))

are stable homotopy equivalences in the category BiSp of bispectra, Vr € Z. Consequently,
the GW -theory groups

GWZET] (dgCM? (X)) = GWZETH“] (dg, 7 (X)) are isomorphic V r,p € Z.

Proof. Follows directly from Theorem 5.4, and [16, Thm 8.9], [10, pp 466]. The proof is
complete. O

Now we are ready to state the theorem on homotopy fibration of GW-bispectra.

Theorem 5.6. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
as in (C.1, C.2). Let Z C X be a closed subset, with a complete intersection subscheme
structure, as in (2.1), with grade(Z,X) =k and let U = X —Z. We also fiz an invertible
sheaf £ on X. We assume 1/2 € A. Then the sequence

GWIl (dgCM? (X)) ——= GWI+H (dg¥ (X)) —— GWItkl (dg7 (U))  (36)

is a homotopy fibration in the category BiSp of bispectra ¥Yr € Z. The first map here is
the zig-zag map given in (5.5). Consequently, there is a long exact sequence

. — W} (dg (OMZ(X))) —= W™ (dg7 (X)) — GW ™ (ag7 ()

—— GW/, (dg (CM?(X))) —— --- Vp,r € Z
(37)

Proof. Cousider the sequence of dg categories with dualities and weak equivalences (quasi
isomorphism)

dg (CM?# (X)) —— Tkdg? (X) — T*dg¥ (U)
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The corresponding sequence of associated triangulated categories is as follows:
D® (CMZ(X)) —— TkD (7 (X)) ——= T*D® (¥ (U))

This sequence is exact up to factor (direct summand), by [17, Prop A.4.7], because
Db (CMZ (¥ (X))) — 2%(7 (X)) is an equivalence by (3.12). Now the proof follows
from [16, Theorem 8.10] that the sequence (36) is a homotopy fibration in BiSp. The
proof is complete. O

Remark 5.7. Let A be a commutative ring and & := (&,Y,w) be a A-linear exact
category with duality. Assume 1/2 € A. For the purpose of making statements on GW-
bispectrum of &, we defined GW (&) € BiSp directly, in section B, without any reference
to the definition of GW (dgé&') € BiSp as a dg category. Our sense of esthetics and com-
pleteness of the theory demands this. Refer to section B for further discussions. We point
out that two GW bispectra

€ BiSp

GW (&) :=GCW (&) :=GCW (&, ,w)
GW (&) =GW (&,Y,—w)

are defined, while GW™ (dg&) € BiSp has four periodicity.

Now, we interpret Theorem 5.5 the above in terms of GW-bispectrum of exact cate-
gories.

Theorem 5.8. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
as in (C.1, C.2). Let Z C X be a closed subset, and grade(Z, X) = k, with structure of
a complete intersection subscheme. We also fix an invertible sheaf £ on X. We assume
1/2 € A. Then the following

GW (CMZ(X)) = GWH (dg, ¥ (X
{ ( ( )) (g 7(X)) are stable equivalences in BiSp

GW (CM%(X))” 2 GWk+2 (dg, ¥ (X))
of zig-zag maps.
Proof. Follows from (5.5), with » = 0,2. The proof is complete. O
The following is reinterpretation of (5.6), for even shifts.
Theorem 5.9. Suppose X is a quasi projective scheme over Spec (A). Use other notations,
asin (C.1, C.2). Let Z C X be a closed subset, with structure of a complete intersection

subscheme, as in (2.1), grade(Z,X) = k. Write U = X — Z. We also fix an invertible
sheaf £ on X. We assume 1/2 € A. Then the sequences
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GW (CM?(X)) ——= GW (¥(X)) —= GW (¥ (U)) in case k =0 mod 4

—— GW (¥(X))” —= GW (¥(U))” in case k=0 mod 4

(CM?(X))

GW (CMZ(X)) — GW (¥(X))” —= GW (¥(U))” in case k =2 mod 4
(CM? (X))
(CM? (X))

—— GW (¥(X)) —— GW (¥ (U)) in case k=2 mod 4

(38)
are homotopy fibration in the category BiSp of bispectra. Consequently, the long exact
sequences of the GW groups, corresponding to (38) can be written down.

Proof. Follows from (5.6), by taking r = 0,2. See Definition Remark B.5 and equation
(52). The proof is complete. O

6. Applications

Localization theorems, such as Theorems 4.1, 5.5, 5.9, usually would have some con-
sequences. In this section, we list some of them. Usually, we consider only idempotent
complete the exact categories & and exact categories with duality (£,", ). For such
idempotent complete exact categories &, we use the notations:

(&) Vi >0
q\/

@) = GW/" (dg&,q", @) Vi>0neZ

Ki (éa) = Kn
cw!" (dge,

where q denotes the subcategory of quasi isomorphisms. First, we state the application

to the punctured schemes.

Theorem 6.1. Let (A, m) be a Cohen Macaulay local ring and X = Spec (A), Z =V (m)
and U =X — Z. Assume 1/2 € A and write d = dim A. Then the sequence

K(CM? (X)) —= K(#(X)) —= K(¥(U))  in  Sp

is a homotopy fibration. Consequently, there is a long exact sequence of K-groups. Fur-
ther,

K, (CMZ(X)) Vr >0
0 otherwise

K, (CM?(X)) = {
Consequently,

Vr < -1 themap K, (¥(X))-—K, (¥ (U)) isan isomorphism.

In particular, if U is regqular (i.e. A is reqular in codimension d — 1) then
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K, (7(X)) =0 vr<-1

Proof. Let d = dim(A). Note Z = V(f1,..., fa) is complete intersection. Now, the first
statement is an immediate consequence of the localization Theorem 4.1 of K-theory
spectra. Note, CM?#(X) represents the category of A-modules, with finite length and
finite projective dimension. Further note that CM?# (X)) is a noetherian abelian category.
Now it follows from [18, Thm 7] that

vr< -1 K, (CM?(X))=0

Now, it follows from the long exact sequence that K, (¥ (X)) 2K, (¥ (U)) Vr < —1. If
U is regular then K, (¥ (U)) = 0 Vr < —1 [17, pp 182]. So, the last statement follows.
The proof is complete. O

The above (6.1) can be improved, as follows.

Theorem 6.2. Let X be a quasi projective scheme over a noetherian affine scheme
Spec (A). Let Z = {my,ma,...,my} C X be finite set of closed points. Further, as-
sume that Z has structure of a complete intersection subscheme (2.1) and U = X — Z.
Then the sequence

K(CMZ(X)) —= K(¥#(X)) —= K(¥(U))  in  Sp

is a homotopy fibration. Consequently, there is a long exact sequence of K-groups. Fur-
ther,

@521 K, (CMY ™) (Spec (Oxm;))) Vr>0

39
0 otherwise (39)

K, (CM?(X)) = {

Consequently,
Vr <—1 themap K, (¥(X))-—K, (¥ (U)) isan isomorphism.
In particular, if U is reqular, then
K, (7(X)) =0 vr< -1
Proof. Note that CMZ(X) is a noetherian abelian category. Now, there is an equivalence

U CM?(X) =5 [[,OMY™)(X). To define ¥ let M € CM?(X). For i = 1,...,¢
define M; € MY (™) (X)), as follows

{(Mi)x‘{‘“““‘*‘mmf}M'X‘{“‘lv"'ﬁ”"”m“ Define W(M) = (M, ..., M) (40)

(M) x—{m;3 =0
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The inverse functor is defined by direct sum. Finally, there are equivalences
®: oMYV ™) (X)) =5 MY (™) (Spec (Ox.m,)) M — My, (41)
Now the proof is completed, as in the proof of (6.1). The proof is complete. O

Remark 6.3. If m := m; is a regular point, then the equation can be further simplified,
as follows. Suppose (A, m, k) is a regular local ring. Then by Dévissage theorem [10, pp
111]

K, CMY™ (Spec (4)) = {

We leave it to the reader to write a GW-version of (6.1). However, negative GW
groups noetherian abelian categories do not necessarily vanish, as in K-theory. We write
down the GW-version of (6.2), as follows.

Theorem 6.4. Let X be a quasi projective scheme over a noetherian affine scheme
Spec (A), with 1/2 € A. Let Z = {my,ma,...,my} C X be finite set of closed points.
Further, assume that Z has structure of a complete intersection subscheme, as in (2.1),

with d = grade(Z,X) and U = X — Z. Then Vr € Z, the sequence

GWI(dgOMZ(X)) — GWI+d(dg¥ (X)) — GWI+d(dg¥ (U)) in BiSp

(42)
is a homotopy fibration in BiSp. Further,

14
GWl (dgem? (X)) = [[ 6wl (agem¥ ™) (X,,,)) (43)
=0

is a stable equivalence in BiSp, where Xy, = Spec (Ox m,)-

Consequently, the sequence (42), leads to long exact sequences of GW -groups. Further,
one can reinterpret (42) in terms of GW -spectra of the exact categories, as in (38), which
we skip.

Proof. Same as the proof of (6.2), while we use the Theorem 5.6. Also note that the func-
tors ¥ and ® (40), (41) are duality preserving equivalences. The proof is complete. O

When the points m; in (6.4) are regular, the Dévissage theorems for GW-groups
or bispectrum apply [9]. Thus the groups cw! (CMY (™) (Spec (Ox,m,))) have better
descriptions, as follows.

Theorem 6.5. Let (R, m, k) be a noetherian regular local ring, X = Spec (R), Z = V(m),
d = dim R. Note CM?Z (X) is the category of R-modules M with finite length (and
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dimyxyM = d). Then CM? (X) has a natural duality M"Y = Ext® (M, R). Let @
denote the double dual identification in CM?Z (X). As usual, ¥ (k) denotes the category of
finite dimensional k-vector spaces. Note ¥ (k) also has a natural duality, defined by MY =
Hom (M, k). Let ¢ denote the double dual identification in ¥ (k), given by evaluation.
Then there is a natural equivalence, of bi spectra:

Gwl (dgCM?(X),q," ,w) = GWM (dg¥ (k),q,” ,¢) Vn € Z.

Here, on left side, w continues to denote the double dual identification induced by w,
and q denotes quasi isomorphism. We write

Consequently,

W(k) p<—-1n—p—d=0mod4
p< -1, n—p—d=1,2,3 mod 4

GWy(k) n=0mod4, p>0

GW,(k)™ nmn=2mod4,p>0

Gw/l (dgCM?(X)," ,q,w) =

Forp>0 andn=2m+1 odd, we have an exact sequence (see [9]).
Proof. See [9]. O
The following is an immediate corollary.

Corollary 6.6. Consider the setup and hypotheses of (6.5). Then

W(k) p<—-1,p+d=0mod 4

GW, (CM?(X),Y @) =< 0 p<—1, p+d=1,2,3 mod 4
GWy(k) p>0
and
W(k) p<—-1L,p+d=2mod4
GW, (CM?(X),Y @) =<0 p<—1, p+d=1,2,3 mod 4

GW,(k)~™ p>0
Proof. Follows from (6.5) and section B. O

The following is the exact category version of (6.4).
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Corollary 6.7. Under the hypothesis of (6.4), the following sequences:

GW (CMZ(X)) —= GW (¥ (X)) —= GW(¥(U)) r=0,d=0mod 4
GW (CMZ(X)) —= GW(¥(X))” —= GW(¥(U))~ r=0,d=2mod 4

are stable homotopy fibration in BiSp.

Now assume that m; are reqular points, and let k(m;) denote the residue field of m;. In
the first case, r = 0 and d = 0 mod 4, it follows from the exact sequence of GW -groups
that

1. The long exact sequence of non negative groups terminates as follows, at degree zero:
- —— B, GWo(r(m,)) —= GWo(¥ (X)) — GWo(¥ (U)) —= 0
2. We have isomorphisms of groups

CGW_1_4n(¥ (X)) ——= GW_1_4n,(V(U))

N Vn>0
GW_2—4n(V(X)) —— GW_2_4n(¥(U))

3. There are exact sequences

GW_3_4n(V (X)) —= GW_3_4n(V(U)) ——
Vn > 0.

Dy W(s(mi)) ——= GWosgn(V (X)) ——= GWoaan(¥ (V) — 0
Stmilar analysis is possible in other case.
Proof. Follows from (6.4) and the descriptions in (6.6). O

The following is another example exploiting regularity.
Example 6.8. Let X be a quasi projective scheme over a noetherian affine scheme
Spec (A). Let U C X be an open subset of X, and Z = X — U has structure of a
complete intersection subscheme, as in (2.1). Assume that U is regular. Then

K, (OM?(X)) =K, (#(X))  ¥p< -2

and the long exact sequence on the left terminates at the term K_; (¥(X)).
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Proof. By the localization Theorem 4.1, the sequence
K(CMZ(X)) —— K(7(X)) —= K7 (U)) mn Sp

is a homotopy fibration, of K-theory spectra. By [18, Thm 7], we have Ky (¥ (U)) =
Ky (Coh(U)) =0 Yk < —1. The rest follows from the long exact sequence. O

We use Theorem 5.9 to obtain a GW analogue of Example 6.8.

Example 6.9. Let X be a quasi projective scheme over a noetherian affine scheme
Spec (A). Let U C X be an open subset of X. Assume Z = X —U has structure of a com-
plete intersection subscheme, as in (2.1). Assume that U is regular and grade(Z, X) = k.
Also, let £ be a fixed line bundle on X and 1/2 € A. Then corresponding to each of the
four homotopy fibrations in (38), we obtain an exact sequence of GW groups. We only
write down the exact sequence corresponding to the first homotopy fibration in (38),
which applies when k = 0 mod 4, as follows:

L GW(CMZ(X)) ——= GW, (¥ (X)) —= GW(¥ (1))

GW_1 (CMZ (X)) —= GW_,(¥(X)) —= W (¥ (U))

GW_5(CM? (X)) —= GW_o(¥ (X)) ——= W (¥ (U))~

GW_3(CMZ(X)) ——= GW_s(¥(X)) —— W3(¥ (V)

GW_4(CMZ(X)) —= GW_4(¥ (X)) — W(¥(U))

Proof. We consider the case k = 4ky only. We start with the homotopy fibration
GW (CM?(X)) —= GW (¥(X)) —= GW (¥ (U))

All the non negative groups are the homotopy groups of the GW-spaces [10, 450, 466].
Note K, (¥ (U)) = 0 ¥p < —1. It follows from this that [16, pp 1805]
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SW, (7 (U)) = GW, (¥ (U)) = GW,, (¥ (U)) Vp < —1
Therefore Vp < —1 we have

GW (7 (U)) = GW,(dg? (U)) = W (V' (U)) = { ;V/EZE%— ZZ Z _ g ZZZ i

The proof is complete. O

Thomason [19] considered the K-theory of perfect complexes, and likewise Schlichting
[17,16] considered GW-theory of perfect complexes. We differ from [19,17,16] in that we
grind down the theory to the level of exact subcategories of Coh(X) (see Example 1.4).
For notations Per f(X) and Per fz(X) refer to (C.1). Notationally, we denote Thomason
K theory by K (Perf(X)) and likewise, to distinguish them from our theory on exact
categories.

Theorem 6.10 (Agreement). Let X be a quasi projective scheme over a noetherian affine
scheme Spec (A), U C X be open and Z = X — U. Assume that Z has structure of
a complete intersection subscheme, as in (2.1). Then the natural degree zero inclusion
CM?%(X) — Perfz(X) induces, a homotopy equivalence:

K (CM?(X)) = K (Perfz(X)) in  Sp.

Proof. We have commutative diagram

K(CM?(X)) K(7(X)) K@ (U))

| |

K(Perfz(X)) —— K(Perf(X)) —— K(Perf(U))

of Homotopy fibration. For the lower fibration see [19,17] or [10, pp 411], and the upper
fibration is an application of (4.1). It is known that the 2" and 3"¢ vertical maps are ho-
motopy equivalence (see [19,17] or [10, pp 410]. Now one can write down the commutative
diagram of the homotopy groups and use Five Lemma. The proof is complete. 0O

Schlichting [16, pp 1804] considers GW-theory of dg¥ (X)) (denoted by sPerf(X) in
[16]). We have a GW-bispectra analog to (6.10).

Theorem 6.11 (Agreement). Let X be a quasi projective scheme over a noetherian affine
scheme Spec (A), U C X be open and Z = X —U. Assume 1/2 € A and Z has structure
of a complete intersection subscheme, as in (2.1), with k = grade(Z,X). Let n € Z, and
L be a line bundle on X. Then the natural map
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GWn=k (dgeM?(X),q,” ,w) = W (dg, 7 (X),q,"¢ , @) in  BiSp

is a stable homotopy equivalence in the category BiSp of bispectra. Here, on dgOM? (X),
the duality V' is induced by M s Ext*(M, L) and on dg¥ (X) the duality is induced by
P — Hom(M, L). Further, on both sides, @ denotes the double dual identifications, and
q denotes quasi isomorphisms. Further, there are equivalences in BiSp, as follows

GW (CM?#(X),Y,@w) in case n—k =0 mod 4 VncZ
_ n
GW (CM?#(X),Y, @)  in case n —k =2 mod 4

GW (dg, ¥ (X)) = {
Here on right side, the duality on the exact categories is given by M v+ xt* (M, L).

Proof. The latter part follows from former, using discussion in section B. To prove the
first part, consider the commutative diagram

GWIn—H(dgCM? (X)) —= GWl(dg¥ (X)) —= GW " (dg¥ (U))

| | |

Gwl(dg, 7 (X)) GWl(dg? (X)) — GWl(dg¥ (U))

of Homotopy fibration in BiSp. The top left map here is the zig-zag map given in (5.5).
The upper fibration follows from (5.5), and the lower fibration follows from [16, pp 1807].
The 2"¢ and 3" vertical maps are identity. Hence the first vertical map is a homotopy
equivalence in BiSp. The proof is complete. O

The Excision and Mayer-Vietories theorems would be routine consequence, as follows.

Theorem 6.12 (Ezcision). Let X be a quasi projective scheme over a noetherian affine
scheme Spec (A). Let V C X be an open subset, and Z C X be a closed subset such that
Z C V. Assume that Z has structure of a complete intersection subscheme, as in (2.1).
Then the restriction map

K (CM?(X)) — K (CM#%(V))  in  Sp
is a homotopy equivalence of spectra. Consequently, the induced maps
K, (CM?(X)) = K, (CM?(V)) are isomorphisms Vp € Z.

Proof. One can use the Agreement Theorem 6.10, and refer to the Excision theorem [17,
Thm 3.4.10]. For a more direct proof, note that by agreement and equivalence theorems
[10, pp 409], we are reduced to proving that the restriction functor of derived categories
D’ (CM?(X))) — D" (CM#(V))) is an equivalence. However, the functor



250 S. Mandal / Journal of Algebra 680 (2025) 205-266

CMZ(X) — CMZ(V) is an equivalence, in fact, is a bijection.

The inverse functor is given by extending M € CM?# (V) by zero, on X — Z. The proof
is complete. O

Same proof leads to a GW-analogue of (6.12).

Theorem 6.13 (Excision). Let X be a quasi projective scheme over a noetherian affine
scheme Spec (A). Let V. C X be an open subset, and Z C X be a closed subset such
the Z C V. Assume 1/2 € A and L is a line bundle on X. Further assume that Z has
structure of a complete intersection subscheme, as in (2.1). Then the restriction map

Gw (dgcM?(X), L) — GW (dgCMZ#(V),Ly)  in  BiSp

is a homotopy equivalence in the category BiSp of bispectra. Consequently, the induced
maps

Gwl" (dgCM?(X), L) = GW[" (dgCM?(V),L)y/)  are isomorphisms Vn,r € Z.
Here on either side, with k = grade(Z, X)), the duality is given by

MY = &xtk (M, L) M € CM%(X)
MY = &xth (M, Lyy) M e CM?(V)

Proof. Again the map CM?Z (X) — CM? (V) is an equivalence (In fact, a bijection).
Hence the induced functor D’ (CMZ (X)) — D! (CM?Z (V)) is a duality preserving
equivalence. Therefore, the proof is complete by the Invariance theorem [16, pp 1800],
[10, pp 466]. O

The following are exact category version of the above (6.13).

Corollary 6.14 (Ezcision). Consider the setup and the hypotheses of (6.13), then the
following maps

{ GW (OCM?(X)) — GW (CM?(V)) in  BiSp

GW (CMZ(X))_ — GW (C’MZ(V))_
are homotopy equivalences in BiSp.
Proof. Immediate from (6.13), by taking n = 0,2. The proof is complete. O

The Mayer-Vietories Theorem is, in fact, a routine consequence of excision theorem.
So, as a consequence of (6.12), we obtain the following.
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Theorem 6.15 (Mayer-Vietoris). Let X be a quasi projective scheme over a noetherian
affine scheme Spec (A), and let X = U UV be an open cover. Assume Z = X — U has
structure of a complete intersection subscheme, as in (2.1). Then the diagram

K7 (X))

K(7(U))
l l is a cartesian square in the category Sp of spectra.

K(¥(V)) ——= K(¥(UNV))

Consequently, there is a long exact sequence

Kn(7(X)) ——= Ko (V(U)) @K (V(V)) —= Kn(V(UNV))

Vn € Z

K1 (7 (X))

of K-groups.

Proof. Write Z=X -U=V —UNV CV. Consider the diagram

K(CM? (X)) — K(¥ (X)) K((U))

| l l i Sp.

K(CMZ(V)) — K(¥(V)) —= K(¥({UNV))

Both the horizontal lines are homotopy fibrations in Sp, by Theorem 4.1. The 15 vertical
map is an isomorphism in Sp, by Excision Theorem 6.12. This completes the proof that
the given square is cartesian. The long exact sequence above is established routinely, by
comparing two exact sequences:

K,(CM?% (X)) — K, (7 (X)) K, (¥ (U)) K,_1(CM?(X))
| l | |
K,(CM%(V)) ——= K,(¥(V)) —= K, (#(UNV)) —= K,,_1(CMZ?(V))
The proof is complete. O

The same proof of (6.15) gives a Mayer-Vietories theorem for GW theory, as follows.

Theorem 6.16 (Mayer-Vietoris). Let X be a quasi projective scheme over a noetherian
affine scheme Spec (A), and let X = U UV be an open cover. Assume 1/2 € A and
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L be a line bundle on X. Assume Z = X — U has structure of a complete intersection
subscheme, as in (2.1). Then the diagram

GwWl(dg¥ (X), L) Gwl(dg¥ (U), Liv)

l l n BiSp

GCWhl(dg? (V), Liy) — GWl(dg7 (U N V), Livav)

is a cartesian square in the category BiSp of bispectra ¥n € Z. Consequently, there are
long exact sequences ¥n € Z of GW -groups (we ignore to include the L-coordinate):

W (¥ (X)) ——= GW N (V (U) D GW, (¥ (V) ——

Wy (UnV)) — WM, (7(X))
Proof. Write Z =X -U =V -UNV CV,and k = grade(Z, X ). Consider the diagram

GWl(dgCM? (X)) — GW(dg¥ (X)) GwWl(dgy (U))

! l l

GW(dgCM?(V)) —— GW(dg? (V)) —— GW(dg? (U N V))

Both the horizontal lines are homotopy fibrations in BiSp, by Theorem 5.5. The 15
vertical map is an isomorphism in BiSp, by Excision Theorem 6.13. This completes the
proof that the given square is cartesian. Again, the exact sequences are established by
routine methods. The proof is complete. O

The following is the exact category version of (6.16).

Theorem 6.17 (Mayer-Vietoris). Consider the setup and the hypotheses of (6.16). With
0 =+, —, the diagrams

GW(¥(X),L)°

GW (¥ (U), L)’
l n BiSp
GW((V), L) —— GW (I (UNV), Livav)’

are cartesian square in the category BiSp of bispectra. Consequently, there are long exact
sequences Vp € Z of GW -groups (with 6 = +,—):
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= GW,(F (X)) —= CW,(#(U) ®CW, (¥ (V) —= GW,(#(UNV))°

— W, (V(X))
Proof. Follows from (6.16), with n = 0,2. The proof is complete. O
Appendix A. Grade and annihilator of coherent modules
While grade of coherent modules over affine schemes are fairly standard, in this section,

we discuss grade of coherent modules over quasi projective schemes. First, we recall the
definition of grade and summarize the basics on the same from [8, pp. 103].

Definition A.1. Suppose A is a noetherian ring, X = Spec (4) and M € Coh(A).
1. Define
grade(M) = inf {r : Ext"(M, A) # 0}

Consequently, for an ideal I, define

e () =t (e 52 (4.) 0} "

Sometimes, one writes

A
grade(I) := grade (7>
This is not to be confused with the grade of I, as an A-module, which would be zero

if I contains a non zero divisor.
2. Tt follows, for M € Coh(A) and I = Ann(M), we have

grade(M) = depth;(A) = grade <?> (45)
3. It is obvious from definition
grade(M) < dimy (x)(M)
Corollary A.2. For an ideal I of A, we have

grade(I) = grade (\/T)
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Proof. Let r = grade(I) and s = grade (\ﬁ) First, r = depthr(A) < depth ;7(A) = s.

Ifay,...as e VIisa regular sequence then so is af*,...a™ € I for m > 0, [8, Thm 26,
pp- 96]. So, s < r. So, s = r. The proof is complete. O

We define grade of a closed subset of Spec (A).

Definition A.3. Let A be a noetherian ring, and X = Spec(A4) Let Z =V (I) C X be a
closed subset. Define

grade(Z, X) = grade(I) = grade (?)

By (A.2), it is well defined and is independent of the choice of I.
We record the following non local version of [8, pp. 108, Thm 31].

Lemma A.4 (pp. 108, Thm 81 [8]). Suppose A is a Cohen Macaulay ring (non local) and
M € Coh(A). Then

grade(M) = height(I) where I = Ann(M).

Subsequently, we wish to make some sense out of the idea of annihilators of coherent
sheaves.

Definition A.5. Let X be a noetherian scheme and .% € Coh(X). Define the annihilator
ann(F)U)={teT'(U,0x):t-I'(U,#)=0} CT'(U,Ox)

The definition makes sense. However, ann(.%#) does not seem to make sense, as a
(pre)sheaf of ideals. This is because the restriction maps I' (U, Ox) — T'(V, Ox) may
not give a restriction map on ann (F).

It is a standard fact that it makes sense when X = Spec (4) is affine. Consequently,
in a noetherian scheme X, on the affine pieces, U; = Spec (A4;) = Spec (I (U;, Ox)) and
M; =T (U;, %) the annihilators I; = ann(M;) make sense.

Subsequently, we prove that ann(%#) makes sense when X is quasi projective.

A.1. (Quasi) projective schemes

Lemma A.6. Suppose Y = Proj (S) with S = A[xg,x1,...,xN]| and deg(z;) = 1. Assume
A is noetherian. Let F € Coh(Y) and F = M for some finitely generated graded S-
module M. (Refer to [5, §II.5, pp116] for this M construction.) Let I = ann(M). Then

I = ann(F).
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Proof. First we need to _prove that ann(%) is a sheaf. From the affine case it is clear

that ann(F)p) = ann (M(g)) V g homogeneous. Now suppose V' C U. We need to
give a map

ann ('%U) — ann (,gﬂv)

First assume V'=Spec (S(f))7 for some homogeneous f € S. Write U=J]"_, Spec (S(gi)).
There are maps

(M(fg'i))

S(g) = S(sar) S ann (Mygy) — an
& & with  deg(a) = deg(g;)

M(gt) — M(fgi) Sending gf

In deed, the commuting square

ann (M(g,)) ——= ann (Mz,,))

Sy = S(s90)

ann (F) pg,) —= @nn (F)psq,)

— j commutes.

Oip(g:) Ot

Let A € ann (Fp(g,))- It follows A|p(rg,) € ann (F|p(rg) Vi. So, given m € T' (U, .7)
we have (A -m)|p(sq,) = OVi. So, A\|p(y) € ann (J|D(f)). These patch to give a map

ann (Fjy) — ann (F|p(s)) (46)
Now suppose V' = U;:1 D(f;). Given A € ann (I'(U, #)) and m € I'(V, .#), it follows

from above that (A -m)p(s,) = 0 Vj. So, (A-m)jy = 0. So, the map I'(U,O0x) —
T’ (V, Ox) restricts, as follows:

So, ann(#) C Ox is an ideal sheaf. Now consider the natural map

v ] — ann (F).
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It follows from the affine case that the restriction ¢|p(y) is an isomorphism, for all homo-
geneous g € S. The proof is complete. O

Corollary A.7. Suppose Y = Proj(S) with S = Alzg,z1,...,zn] and deg(z;) = 1. As-
sume A is noetherian. Let X CY be open and F € Coh(X). Let 4 := M € Coh(Y") be
an extension of F (see [5, Ex I11.5.15]) and I = ann(M). Then ann(F) = I x.
Proof. Follows from (A.G). O
Definition A.8. Let X be a noetherian scheme and # € Coh(X). Define

grade(F) =inf {r: Ext” (F,0x) # 0}
Proposition A.9. Suppose Y = Proj(S) with S = Alzg,x1,...,zN] and deg(z;) = 1.
Assume A is noetherian. Let X C Y be open, F € Coh(X) and 4 = M where M

is a finitely generated graded S-module, such that 9 x = F (see [5, Ex I1.5.15]). Let
I=ann(M) and 9 =1 =ann(¥) C Oy. Then

e ((90) ) — grae [
grade(F) = grade << v >X> = grade <annf)

Proof. First note that, for any &,% € Coh(X) we have (see [5, Prop I11.6.8])

Ext' (€,G), = Ext' (&:,9,) Ve e X,i>0.
Therefore,

grade(F) = inf {grade (#,) :y € V(I) N X}
= inf {grade (%’)y cye V()N X} = grade ((%’)lx>
This middle equality follows from (45). O

Proposition A.10. Suppose Y = Proj (S) with S = Alxg, x1,...,zN] and deg(x;) = 1.
Assume A is noetherian. Let X C'Y be open and F € Coh(X). Let 4 = M where M
is a finitely generated gimded S-module, such that 9x = F (see [5, Ex 11.5.15]). Let
I=ann(M) and & =1 = ann(¥9) C Oy. Then the following are equivalent:

1. grade(F) > r.
2. There is a sequence f1, fa, ..., fr € I, of homogeneous elements, such that they induce
a reqular sequence on X . (This can be read as, if p € X and z; ¢ p, then

f1 fa Ir

pJeE() pdea() " dea(Fy)




S. Mandal / Journal of Algebra 680 (2025) 205-266 257

is a S(y)-regular sequence.)

Proof. ((2) = (1):) it follows from (2) and (Equation (45)) that grade(%#,) =
depthr, S(,) > r and hence Eat' (#,,0,) =0Vz € X, i < r—1. So, &at'(F,0x) =
0 Vi <r — 1. Hence grade(.#) > r. So, (1) is established.

((1) = (2):) Suppose fi, f2,..., fp € I is a sequence of homogeneous elements, with
p <7 —1, that induce a S,)-regular sequence. Let J = (f1, fa,..., fp). Let

S
Ass (;)ﬂX—{pl,...,pq}

Suppose I C Ui, ;- Then I C p = gp;. Then I,) C pS(,). Assume zg ¢ p.
Since depthy, S(y) is well defined, we obtain depthr ,S(,) = p. Hence grade (F,) =
depthy, Sy = p. Hence Ext? (Z,,Ox ) # 0. Therefore &xt? (#,0x) # 0, and
grade(.7) < p < r — 1, which is a contradiction.

So, I Z UL, ¢i- Let fpi1 € I — (U 9i)- Then fi1,..., fp, fo4+1 € I induce a regular
sequence, as required. The proof is complete. O

Proposition A.11. Suppose Y = Proj (S) with S = Alzxg,x1,...,zN] and deg(x;) = 1.
Assume A is noetherian. Let X CY be open and F € Coh(X). Let 4 = M where M is
a finitely generated graded S-module, such that 9 x = F (see [5, Ex I1.5.15]). Assume
X is Cohen-Macaulay. Then

grade(F) = codim(V(I) N X, X) where T = ann(M).

We extend the definition (A.3) and define the grade of a closed subset of a quasi
projective scheme X.

Definition A.12. Let X be a quasi projective scheme of over a noetherian affine scheme
Spec(A) and Z C X be a closed subset of X. Further assume Y = Proj(S) with
S = Alxo,x1,...,zn], deg(x;) =1, and X CY is an open subset. Define

Z=V()NX, I1CS

Ox
de(Z) .= grade(Z, X ) = grade | =— h
grade(Z) = grade(Z, X) = grade ( ) where { is a homogenous ideal.

Iix
This definition is independent of choice of Y and I.

Proof. Let Z =V(I)NX = V(J)NX. Considering the irreducible components of Z, we
have

X Nmin(I) = X Nmin(J) = {p1,..., 0r}

So, we can assume J = N]_; p, is reduced and that I C J. Now
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grade & =inf<r: &xt" &,OX #0
I x Ix

inf{r:éaxtr (%,Oz> #O,xGX}

T

Using (A.2) or [8, Thm 26, pp. 98], the above

= inf {r : Ext” (&,Oz) #0,x € X} = grade (?—X
Ja Jix

The proof is complete. O
We recall the definition of perfect modules, before we close this section.

Definition A.13. Let X be a noetherian scheme and Z C X be a closed subset. For
ZF € Coh(X), we say that .7 is a perfect module, if grade (#) = dimy (x).#. Denote
the full subcategory CM?(X) = {F € Cohz(X) : dimy (x).F = grade(Z,X)}. Note
CM?Z(X) is a subcategory of the category of perfect modules.

Appendix B. Hermitian theory and Karoubi GW bispectrum

The purpose of this section is to provide a brief background on jargon of homotopy
approach to K theory, in the post Quillen [15] era. Hermitian K theory (also called
GW-theory) is to be seen as part of Algebraic K-theory. However, we assume readers are
more familiar with K-theory, and we will discuss more about GW-theory, in this section.
We assume that the readers have some familiarity with the background [15,20,19] on K-
theory, or are referred to [10]. We also assume that the readers have some familiarity with
the category Sp of spectra of pointed topological spaces. Quillen established Algebraic
K-Theory on the foundation of Exact categories. In our view, for the esthetics of the
narrative, Algebraic K-Theory should be a story of exact categories. Formulation of
Theorem 1.1 of Quillen supports the same sense of esthetics. We like to make clean
statements within the universe of exact categories, when possible. However, after [15],
the literature seemed to have drifted away from K-theory of exact categories &, to
that of the category of bounded chain complexes Ch® (&) [20,19]. The theory further
drifted into other derivatives of exact categories, like complicial exact categories [17] and
dg categories [16]. While these have enriched the theory, they also have obscured the
theory for the broader readership. The literature misses any common umbrella for all
these different derivatives, while K-theory of exact categories (inclusive of GW-theory)
remains the common denominator or, of the fundamental interest. For this reason, in this
section, we recapitulate some of the background on K-theory, mainly of GW theory, and
reinterpret them in the context of exact categories. The main goal of this section, is to
explain the Karoubi GW bispectrum GW (&;) € BiSp of exact categories &y := (&," , @)
with duality.
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Let eCat (resp. @) denote the category of small (resp. idempotent complete)
exact categories. Likewise, eCatD (resp. @D) denote the category of small (resp.
idempotent complete) exact categories with duality, over Z(1/2). We start with the
following definition.

Definition B.1. Let &, := (£,Y , @) € eCatD. Consider the following homotopy fibration:

GW(&;) — BQ"(&;) —— BQ(&) , and
K(&) —— GW(&;) — BQ"(&)

Here K (&) denotes the K-theory space of & and GW (&;) denotes the GW space of &j.
Ideally, we should denote GW (&) :== GW (&,Y ,@). The latter sequence is a rotation
of the first one. Higher K-groups and GW-groups are defined by

Vn > 0.

Ky (&) = m (K (&)
GW, (&4) = mn (GW (&)

B.1. K-theory and GW -theory spectrum
The work of Waldhausen [20] considered K-theory as a spectrum. We will not discuss

the connective K-theory spectrum. In this section we give a overview of non connective
K-theory and GW-theory spectrum. Cone functors

&< Cx (&) V& € eCat

& < Cow (£) V& € eCatD

Cx : eCat — eCat
Cow :eCatD — eCatD

together with {

fully faithful exact functors (duality preserving in the latter case), were defined. Further,
for & € eCat and &; := (&, ,w) € eCatW

1. The respective quotients % € eCat and GGTV‘;& € eCatD are defined.
2. The spaces

K (Cx (&) = .
are contractible. 47
{ GW (Caw () = 47)
3. The sequences,
K(&) —= K(€x&) —— K(£59)
are homotopy fibrations.
GW (&) — > GW(Caw&y) GW(CvaZé”d)

(48)
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We define suspension functors, as follows.

Definition B.2. Let & € eCat and & = (&,Y,w) € eCatD. Let & and &, denote the
respective idempotent completion. Define suspensions

S (&) = QLN‘? Sn-H &) =S S/n_\_g
{ o “eps, Inductively, define nKH (6) =Sk ( i ))
Sow () = =g St (6a) == Stw (Sgw(éad))

We define two non connective spectrums, as follows:
1. The non connective K-theory spectrum of & is defined as
K (&) = {K, (&) :n>0}, where K, (&)=K (Sﬁ))
The K-groups are defined by

K, (&) = m, (K&) Vp € Z.

2. Define the non connective GW-theory spectrum as

§W (£a) = {sWa (62) : n 2 0}, where  gW, (62) = aW (S (60))
The gW-groups are defined by
ng (gd) =Tp (gW@f”‘d) Vp Sy

3. Tt follows from (47), (48) that both K (&) € Sp and gW (&;) € Sp are Q-spectra. We
have defined two functors:

K : eCat — Sp
gW :eCatD — Sp

Thus far, in this section, all the above concerns only exact categories.
B.2. GW spectrum of dg categories

Thomason [19] started considering K-theory of the category of chain complexes of
exact categories. This led to consideration of a variety of concepts like BiWaldhausen
categories, complicial exact categories, and dg categories. All these culminated to the
GW-theory of dg categories in [16]. It is worth pointing out that GW-theory encapsu-
lates, both K-theory and Witt theory. For a dg category &7 the K-theory of o/ is given
by the GW-theory of the hyperbolic category H (7).
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Given an exact category (&, ,w) with duality ¥ and double dual identification o,
there is another exact category (&," , —w), usually referred to as the skew duality. So, any
theory for (&,", @), automatically produces a theory for (&, ,—w). After the work of
Thomason [19], preceded by work of Walhausen [20], attention shifted to the GW-Theory
of the category of bounded chain complexes Ch®(&), for exact categories (&£," ,w) with
duality. Because of the shift functor, one has one GW-theory GW™(Ch®(&)), for each
n € Z. However, these theories are four periodic GWM(Ch(£)) = GWIH4(Chb (&)
for all n € Z. So, we obtain four GW-theory of Ch®(&), while we have only two GW-
Theory for (&," , ™).

The category ChP(&) of exact categories & can be endowed with the structure of a
dg category, denoted by dgé&. This provides justification for developing K-theory and
GW-theory of dg categories with weak equivalence and duality. Unless stated otherwise,
we work with dg categories over k = Z(1/2), whenever we work on GW-theory. In
addition to the above notations, let dgCatW D denote the category of small pointed
dg k-categories & := (&, q," ,w) with weak equivalences g, duality ¥ and double dual
identification w. In our case of dgé&’, the quasi isomorphisms are defined to be the weak
equivalences.

For & := (& ,q,Y ,w) € dgCatW D, in [16], a spectrum GW(«/) € Sp was associated
in the category Sp of spectrum of pointed spaces. So, this is a functor

GW = {GW(-), :n >0} :dgCatWD — Sp

In fact, GW(&7),, was defined as the geometric realization of an explicitly defined sim-

plicial category. In fact, GW (&) is a positive Q2-spectrum, which means GW (&) =

QGW (), 1, Yn > 1. However, for & € eCatD, GW (dgé’) actually a Q-spectrum,
and

GW (&) = GW (dgé) = QGW (dgé),

(See, [10, Thm 10.1.17, pp 431], [10, Eqn 10.31, pp 449]). Now, we have the following
agreement proposition.

Proposition B.3 (Agreement). With notations as above, for & := (&,Y ,w) € eCatD,
with 1/2 € &, there is a

gW (&) = GW (dg&) homotopy equivalence in Sp. (49)
e caution that left side is a () spectrum and right side is a positive () spectrum.
We hat [ d Q d right sid Q

Proof. Tt follows from uniqueness of Q spectrum. Recall the formula [22, pp 107],
[Sl AKX, Y] > [X,QY], for X, Y € Top,. The proof is complete. O
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B.3. Karoubi GW bispectrum

For & € eCatD, we provided two descriptions (49) of the GW spectrum giW (&) =
GW (dgé&) € Sp. In this section, for & = (&,q," ,w) € dgCatW D, we associate the
Karaiubi Grothendieck-Witt bispectrum GW (&), which takes values in the category
BiSp := BiSp (S! — Sép) of St — Sép—bispectrum. Here S! := [O 1 denotes the 1-sphere.

We refer to [10, pp 458-], [16] for the background on the category BiSp, including

definitions of symmetric K-spectrum, Sp (¢, K) for monoidal model categories € :=
(¢,®,1). Among the original sources of all these may be the work of Hovey [6]. We
recall some of the jargon and notations:

1. We used the notation Sp for the category of spectrum of pointed topological spaces.
Denote the subcategory of symmetric spectra, by symSp.

2. We let §f) (symSp, As, S) denote the category symmetric spectrum, where S =
{A"St :n >0} is the ring spectrum, which acts as the unit. With ¢ = (Top,, A,SY),
and K = S! we have Sp := Sp (¢,K) (see [10, pp 458]). Note Sp is a symmetric
monoidal model category [10, pp 460].

3. Now, we repeat the same process, starting with ¢ := §f) := (symSp, As, S). Let
Sép = {81,82,83, .. } € symSp be the sphere spectrum, and let K = ggp € symSp
be the cofibrant replacement of Sép. This means K is cofibrant and K — Sép is
trivial fibration. Now define the monoidal model category of bispectra (see [10, pp
461))

BiSp := BiSp (S' — §4,) = Sp (§157 K)
So, the objects of BiSp are symmetric S\f)—spectrum, { Xy, Xy, ...}, where X; € symSp.

Write K = Sép. Given X = {Xy, Xy,...} € BiSp following homotopy groups are
defined:

{ 0 (X) = limy [Kn-s—k’ Xk}HOSPZ Naive homotopy Vn e 7Z (50)

m, (X) = limy (XK, X] g5, True homotopy

where XYK" = {K”“‘k :k=0,1,2,.. } € BiSp. Under suitable conditions, these two
groups coincide [16, pp 1840].
Now we proceed to define Karoubi GW bispectrum.

Definition B.4. Let k& be a commutative ring, with 1/2 € k. Let dgCatW Dy, denote the
category of dg k-categories with weak equivalences and duality.

A cone functor C :dgCatW Dy, — dgCatW Dy, and
a suspension functor s:dgCatW Dy — dgCatW Dy
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were constructed, on the category dgCatW Dy. For (.Y ,q,w) € dgCatW Dy, and
integer n > 0, one defines

GW (&), :== GW (s"/) € Sp (51)
in the category é?) of symmetric spectra. The bispectrum is defined, as a functor
GW :dgCatW Dy, — BiSp sending o — GW (&) :={GW (), :n>0}.
Consequently, for & € eCat Dy, one can associate
& — GW (dgé) € BiSp. Note GW (dgé) = {GW (s"dgé&) : n > 0}

Following are some observation on GW invariants of exact categories with duality.
Remark B.5. Let & = (£,Y, @) € eCat.
1. The gW (&) € Sp = (symSp, As, S). This follows from the fact the spectrum gW (&)

is defined by iterated suspension.
2. & can be considered as a dg category with weak equivalence (isomorphisms) and

duality, concentrated at degree zero [10, pp 435].

3. Since s is ring, it is easy to see that s” ® & is defined, and is an exact category with
duality, where split exact sequences are defined to be exact. Define

BW (&), =gW (s"®&), and SW (&) ={6W (&), :n >0}

n
The following reconciles two bispectrum of exact categories.

Proposition B.6. Let & = (£," ,w) € eCat. Then

1. 8W (&) € BiSp is a bispectrum.
2. There is zig zag stable equivalence

BW () — = GW(dg&) in  BiSp.
Proof. The proof is elementary, which we skip. Main point is that an exact category
& can be considered as a dg category, concentrated at degree zero. We plan to write a

complete exposition somewhere else. O

We summarize some of the above notations and introduce some more, for n > 0, as
follows.
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SW (&), :=gW (s"&) € symSp, and

BW (&) == {BW (&), : n > 0} € BiSp 52)
GW(é")n =B8W(&),, GW(&E)T := W (&) € BiSp

GW (&)™ :==GW (&,Y,—w) € BiSp

It also follows that
GW(&) = GWirl(dge)
Z.
{ GW (&) = GWHn+2(dgs)

While we obtain two bispectrum GW (&), GW (&)~ directly from an exact category,
& = (&,Y,w), the shifted bispectrum GW I (dg&) = GWI**+4(dg&) is four periodic.
Following (50), define the Karoubi GW-groups

GW, () = 7 (GW (7)) Vs € dgCatW Dy,
GW, (&) =7 (GW (&)) = (GW[4" (dgé)) V& € eCatD
GW, (&) = (G (&)~ ) ~ 7t (GWIn+2) (dg&)) V& € eCatD
Vp,n € Z.

More explicitly, we have the following.

Corollary B.7. Let € = (¢,Y ,w) € eCatDgz. As usual, denote Vk € Z, GWy(&) =
7 (GWi(&)) denotes the homotopy group. Then

GW, (éo)/\_/ p>1
GW,(&) ={ GWo (D" ((5’)) p=0

——

GW, (Db (5—95)) p< -1

Here Vk > 0, GW (&) = 7, (GW (&)) denote the GW -groups, while GW (&) denotes
the GW -space.

Proof. Tt follows directly from [16, pp 1799], [10]. O
Appendix C. Notations

In this section we establish some standard, and some not-so-standard notations. We
freely use some of the notations from [5], which I consider standard by now.

Notation C.1. Let X be a quasi projective scheme over a noetherian affine scheme A,
and Z C X be a closed subset and U = X — Z. We assume that grade(Z) = k. In the
context of GW-theory, . will denote a fixed invertible sheaf. As is standard, QCoh(X),
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Coh(X), ¥ (X), respectively, denote the category of Quasi Coherent, Coherent, locally
free sheaves over X.

Denote d =dim X, k = gradeZ (see Definition A.12)

Coh?(X) ={M € Coh(X) : Supp (M) C Z}

VM € Coh(X), denote dimy (x).# := projective (locally free) dimension
M(X) = {M S COh(X) : dim«,/(X)(M) < OO}

M?(X) = {M € M(X) : Supp (M) C Z}

CM?(X) ={M € M?(X) : dimy x)(M) =k} see (A.13)

Usually, &(X) C QCoh(X) would denote an exact subcategory

Examples : &(X) = Coh(X),Coh?(X),M(X),CM?%(X), and others

We continue:

For such an exact category,

Chb(&(X)) denotes the category of bounded complexes, with objects in &(X)
Chiy(£(X)) = {gz. € CRY(E(X)) : (Fu) x_z is ezact} the full subcategory.
dg&(X) denotes the dg category corresponding to Ch®(&(X))

dg,&(X) denotes the dg category corresponding to ChY(&(X))

D%(&(X)) = Bounded Derived Category of exact categories & (X)

PL(E(X)) = {y € DYE(X)) : (Fu)x_z is exact} the full subcategory.

For future use, we extend the list (C.1), as follows

Perf(X) C Ch(QCoh(X)) denote the category of perfect complexes
Perfz(X) = {M. € Perf(X): (Hn (Ms));y =0V n} be the full subcategory.

For a larger part of this article, we work with the following setup.

Notation C.2. Let A be a noetherian commutative ring. Let X be a quasi projective
scheme over Spec (A4). We will be working under the following setup.

1. Let Y = Proj (S) for some graded ring S = A[zg, 21, ..., zy] with deg(z;) = 1.
2. We assume X C Y is an open subset. Assume dim X = d.
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