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1. Introduction

In general, refer to section C for notations. Throughout, GW abbreviates ``Grothen
dieck-Witt'', with possible variations of fonts. For notations and background on GW

theory, refer to section B. Whenever we discuss GW theory (also known as hermitian 
theory), we assume 2 is invertible in the respective category. Section A establishes some 
background on grade and annihilators of coherent modules over quasi projective schemes. 
All schemes considered in this article are assumed to be noetherian.

In this article we discuss the homotopy fiber of the pullback maps⎧⎪⎨⎪⎩
K (V (X))

q

K (V (U)) in Sp

GW (V (X))
p

GW (V (U)) in BiSp
(1)

where X is a quasi projective scheme, over a noetherian a˙ine scheme Spec (A), and 
U ⊆ X is an open subset. Here K (−) ∈ Sp denotes the nonconnective K-theory spectra 
and GW (−) ∈ BiSp denotes the Karoubi GW bispectra (see section B). We will write 
Z = X−U . Recall the classical fundamental result that, any map f : Y −→ Z of pointed 

spaces fits into a homotopy fibration F (f) Y
f

Z leading up to a long exact 
sequence of homotopy groups, ending at the degree zero term (see [22]). Therefore, the 
question of existence of the homotopy fibers of q, p was never in contention. Right from 
the inception [15], it has been an open question, how best to describe the homotopy fiber 
of the maps q (originally, of the maps of K-theory spaces, then of spectra and so on), in 
terms of the closed complement Z. The questions on homotopy fiber of p followed, as the 
GW theory evolved. For the G-theory spaces (meaning, K-theory spaces of Coh(X)), 
Quillen gave fully satisfactory description of the homotopy fibers. For regular schemes, 
K-theory coincides with G-theory. Therefore, the issue of such homotopy fibers remains 
to be interesting only when X is non regular.

This project was triggered when the following result (1.1) of Quillen came to my 
attention.

Theorem 1.1 (Quillen [3,4]). Suppose X is a quasi compact scheme, U = Spec (A) ⊆ X

is an a˙ine open subschemes of X, and Z = X − U . Assume that Z has a subscheme 
structure, defined by an invertible ideal sheaf I ⊆ OX . Let

H =
{
F ∈ QCoh(X) : F|U = 0,dimV (X)(F ) = 1

}
be the full subcategory.

Then there is an exact sequence

· · · Kn (H ) Kn (V (X)) Kn (V (U)) Kn−1 (H ) · · ·

ending at degree zero.
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It was instantly clear to me, while co dim(X,Z) = 1, the category H = CMZ(X) is 
the category of perfect modules with support on Z. The K-theory of various categories 
of perfect modules were previously studied in [13,12,11,10] and others.

After Theorem 1.1, it was clear to the experts what to expect, in higher codimension. 
Following formulation was communicated to me by Daniel Grayson, which we write as 
an open problem.

Open Problem 1.2. Let X be a quasi projective scheme over a noetherian a˙ine scheme 
Spec (A) and Z ⊆ X be a closed subset with a complete intersection subscheme structure, 
as in (2.1) and U = X − Z. (One says, Z is cutout by a regular sequence.) Then the 
sequence

K
(
MZ(X)

)
K(V (X))

q

K(V (U))

of K-theory spaces, is a homotopy fibration. By now, we think about this problem in 
terms of nonconnective K-theory spectrum.

In the case, co dim(Z) = 1 the problem was stated as conjectures, in the paper of 
Gersten [3, pp 343] and in the paper of Weibel [21, pp 199].

Using the methods developed on various categories of perfect modules [13,12,11,10], 
we settle this long standing open problem (1.2), in complete generality. We prove when 
Z has structure of complete intersection subscheme, as in (2.1), the homotopy fiber of 
the map q is given by the K-theory spectra K

(
CMZ(X)

)
∈ Sp (see (A.13, C.1) for 

notations). Analogously, the homotopy fiber of p is given by GW
(
CMZ(X)

)
∈ BiSp. In 

other words (4.1, 5.6), there are homotopy fibrations⎧⎪⎨⎪⎩
K
(
CMZ(X)

)
K (V (X))

q

K (V (U)) in Sp

GW [−k] (CMZ(X)
)

GW (V (X))
p

GW (V (U)) in BiSp
(2)

where k = codim(Z) ≥ 1 and Z is has structure of complete intersection subscheme.

Remark 1.3. It is worth pointing out the category CMZ(X) is independent of the sub
scheme structure of Z, while our results require that Z has a structure of a complete 
intersection subscheme.

Note, we have

GW [−k] (CMZ(X)
)

=
{

GW
(
CMZ(X)

)
if k = 0 mod 4

GW
(
CMZ(X)

)−
if k = 2 mod 4

Further, we prove



208 S. Mandal / Journal of Algebra 680 (2025) 205--266 

K
(
CMZ(X)

) ∼ −→ K
(
MZ(X)

)
is a homotopy equivalence in Sp. (3)

Note, if X is noetherian and regular then M(X) = Coh(X), MZ(X) = CohZ(X). 
Further note that, statements analogous to (3) in GW -theory would not even make 
sense, because MZ(X) does not have a natural duality. However, CMZ(X) has natural 
dualities M �→ E xtk (M,L ), when k = grade(Z,X) and L is any line bundle on X. 
Because of this, our results on GW -theory are sharper.

As a consequence to (2), if Z has a complete intersection subscheme structure, ∀n ∈ Z, 
there are exact sequences of corresponding groups⎧⎪⎨⎪⎩

Kn

(
CMZ(X)

)
Kn (V (X)) Kn (V (U)) Kn−1

(
CMZ(X)

)
GWn

(
CMZ(X)

)±
GWn (V (X)) GWn (V (U)) GWn−1

(
CMZ(X)

)±
(4)

while we assume co dimZ is even for the latter exact sequence to make sense.
Thomason developed a complete theory [19], in terms of K-theory of perfect com

plexes. After the work of Waldhausen [20], followed by [19], K-theory spaces and spectra 
became invariants of the corresponding chain complex categories. Eventually, it perco
lated to the K-theory of perfect complexes [19]. The homotopy fiber of q is described as 
K-theory of PerfZ(X) in [19] (see §C for notation). This description of the homotopy 
fiber of q in [19] was label as a ``revolutionary advance'' [19, pp 337] compared to Theo
rem 1.1. However, I believe that K-theory should be a story of exact categories, which 
is what we do in this article.

We insert the following example, for perspective.

Example 1.4 (Deligne [3]). Let (A,m) be a local noetherian commutative ring, which 
is not Cohen Macaulay. Let X = Spec (A), Z = V (m) and U = X − Z. In this case, 
CMZ(X) = {0}. There is an example of a non Cohen Macaulay ring A, suggested by 
Deligne [3], such that K (V (X)) �= K (V (U)). Therefore, the sequence

K
(
CMZ(X)

)
K(V (X))

q

K(V (U)) (5)

is not a homotopy fibration. However, Thomason computes [19] the homotopy fiber of 
q, as K (PerfZ(X)), which is non trivial because q is not an equivalence. It would be 
hard to imagine a subcategory H ⊆ Coh(X), such that K (PerfZ(X)) ∼ = K (H ). Note, 
while CMZ(X) = 0, there is no natural functor from CohZ(X) to PerfZ(X).

Differences between our results and that in [19] is clarified in (1.4). While the spec
trum K (PerfZ(X)) is a description of homotopy fiber of q, it does not answer the 
question 1.2. To respond to Problem 1.2, we need a subcategory H ⊆ Coh(X) and 
an equivalence K (PerfZ(X)) ∼ = K (H ), which is essentially impossible in the case 
of (1.4). In [19,16] there is no natural candidate to take the place of H . When Z is 
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complete intersection, we establish that H = CMZ(X) will do the job, and we estab
lish in the Agreement theorems (6.10, 6.11) that K

(
CMZ(X)

) ∼ = K (PerfZ(X)) and 
GW

(
CMZ(X)

) ∼ = GW (PerfZ(X)), as two homotopy fibers must agree. In particular, 
in this article, we settle the conjecture of Gersten [3, pp 343] and of Weibel [21, pp 199], 
which is the case co dim(Z) = 1 of (1.2); along with the Problem 1.2 in all codimensions 
co dim(Z) ≥ 1.

As usual, work on GW -theory follows the advancements in K-theory [20,19]. We prove 
the GW analogues of the K-theory conjecture. In [16], GW -theory was developed in the 
framework of dg categories. As far as this article is concerned, all we need to know is, 
for an exact category E , the category Chb (E ) of bounded complexes in E has a dg 
category structure, which we denote by dgE . If E := (E ,∨ , ϕ) has a duality, then dgE

is a dg category with duality and weak equivalences (the quasi isomorphisms). Due to 
the shift functor T on dgE , we obtain one shifted GW [n] (dgE ) ∈ BiSp Karoubi GW

bispectrum, for each n ∈ Z. However, GW [n] (dgE ) has four periodicity. Further, E itself 
can be considered as a dg category, concentrated at degree zero, which has its Karoubi 
GW bispectrum. In summary, we have{

GW (E ) := GW (E ,∨ , �) = GW [0] (dgE )
GW (E )− := GW (E ,∨ ,−�) = GW [2] (dgE )

In section B we give an overview of all these on Karoubi GW bispectrum. In this in
troduction, we only stated our results on GW (−)±, as above (2). We refer to the main 
body of this article for results on GW [n] (dg−).

In section 6 we give a number of applications of our main results (2), both on K
theory and GW theory. These include (1) Cohen Macaulay local rings (A,m), (2) The 
case, when Z = {m1,m2, . . . ,m�} is a set closed points, which is complete intersection. 
(3) The case when U is regular, (4) Agreement with Thomason’s description on K theory 
fiber of q, and Agreement with Schlichting’s description on Karoubi GW theory fiber of 
p, (5) Excision, (6) Mayer-Vietories.

For completeness, we pose the following conjecture, which elevates Problem 1.2.

Conjecture 1.5. Suppose X is a quasi projective scheme over a noetherian a˙ine scheme 
Spec (A), and d = dimX. Let U be an open subset and Z = X − U . Assume that Z has 
a subscheme structure, such that Z ↪→ X is a regular embedding, with k = codimZ =
grade(Z,X). Then the sequences

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
K
(
CMZ(X)

)
K (V (X))

q

K (V (U)) in Sp

GW
(
CMZ(X)

)±
GW (V (X))

p
GW (V (U)) in BiSp, k ∈ 2Z

GW [−k] (CMZ(X)
)

GW (V (X))
p

GW (V (U)) in BiSp

(6)
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are homotopy fibrations, in the respective categories.

Question of localization has always been an open problem among the expert, and 
absence of such a theorem was always felt. The description in [19] did not level it up 
with the formulation in (1.1). It is unlikely that Quillen himself had only a bank sheet, 
beyond the case of codimension one, in spite of Theorem 1.1. Again, in the light of (1.1), 
it is reasonable to speculate the Quillen’s formulation would be the same as (6). For 
this reason I would refer to this conjecture as the Quillen-localization conjecture. To the 
best of our search there is no documented statement in the literature, on this localiza
tion problem. The results in this article provide evidence in support of this conjecture. 
Secondly, regular embedding has always been a gold standard in many facets of math
ematics. For example, intersection products behave fairly well for regular embeddings 
Z ↪→ X [1, Chap 6].

Regarding the organization of this article, most notations are summarized in section C. 
Notations and overview on hermitian theory are in section B. Some background on 
scheme theory (grades, annihilators, perfect modules) is in section A. In section 2, we 
construct certain maps from some Koszul complexes, to certain complexes of modules, in 
order to approximate homologies, by perfect modules. This section 2 is the heart of the 
technical machineries, that are used in this article. In section 3 we establish equivalences 
of certain derived categories, which are used to prove our main results. Our main results 
on K theory fiber are in section 4, and the main results on Karoubi GW theory fiber are 
in section 5. Applications are dealt with in section 6.

Acknowledgment: I would like to thank Daniel Grayson for many helpful communication 
and in particular, for his formulation of Problem 1.2. I also thank Amalendu Krishna 
for helpful discussions and encouragement. I am also thankful to Anand Swant for his 
hospitality and discussions during my visit to TIFR in summer 2024.

2. Koszul construction of Foxby

In this section we prove our main technical machinery. Throughout this article we will 
be working with the following setup.

Setup 2.1. As in section C, let X be a quasi projective scheme over a noetherian a˙ine 
scheme Spec (A). In particular, S =

⊕
n≥0 Sn is a graded noetherian ring and Y =

Proj (S), and X ⊆ Y is open (and dense). In general Z ⊆ X will denote a closed subset, 
and U = X − Z. For our purpose S = A [x0, x1, . . . , xn] with deg xi = 1.

Our focus will be when Z = V (f1, f2, . . . , fk) ∩ X, where f1, f2, . . . , fk ∈ S are ho
mogeneous. Further, fi1 , fi2 , . . . , fij induce regular sequences on X, ∀ 1 ≤ i1 < i2 <

· · · < ij ≤ k. (This means that the corresponding Koszul complexes on X are exact at 
all degrees higher than zero. More precisely, ∀℘ ∈ X, if xi0 / ∈ ℘ then f1

x
r1
i0
, . . . , fk

x
rk
i0

is 
regular on S(℘).) We say that Z has a structure of complete intersection subscheme in 
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X (with grade(Z,X) = k or co dim(Z) = k). Such complete intersection subschemes 
Z ⊆ X, and the corresponding Koszul complexes were extensively studied by this au
thor [13,12,11,10]. Readers are cautioned that, as a closed subset, Z does not have any 
canonical subscheme structure. When Z has a complete intersection structure, it will 
have many such structures.

We recall the following Koszul complex construction.

Construction 2.2. Let S =
⊕

n≥0 Sn be a graded noetherian ring and Y = Proj (S). Let 
f1, f2, . . . , fk ∈ S be homogeneous elements, with deg(fi) = ri. The Koszul complex 
K•(f1, f2, . . . , fk) is constructed, as usual, while we view at it as a complex of graded 
free (shifted) modules, and of graded S-module maps of degree zero. More explicitly, 
consider the graded free S-module

P =
k⊕

i=1 
S(−ri)ei and the map ϕ : P −→ S, defined by ϕ(ei) = fi ∈ S.

So, ϕ ∈ Hom(P, S) is a map of degree zero. Therefore, K• (ϕ) = K• (f1, f2, . . . , fk) is 
the Koszul complex of ϕ. In particular, the degree p-term of K•(f1, f2, . . . , fk) is given 
by

ΛpP =
⊕

1≤i1<i2<···<ip≤k

S
(
−(ri1 + ri2 + · · · + rip)

)
ei1 ∧ ei2 ∧ · · · ∧ eip

Sheafifying, we obtain the Koszul complex K• (ϕ̃) = K• (f1, f2, . . . , fk) of locally free 
sheaves, on Y . Again, the degree p-term is given by

ΛpP̃ =
⊕

1≤i1<i2<···<ip≤k

OY

(
−(ri1 + ri2 + · + rip)

)
ei1 ∧ ei2 ∧ · · · ∧ eip

The complex is exact, only at the points ℘ ∈ Y , such that f1, f2, . . . , fk induce S(℘)
regular sequences.

The following is an improvisation of a construction of Foxby [2].

Lemma 2.3. Let A be a commutative noetherian ring and

· · · Mr Mr−1 · · · M1
∂1

M0
∂0

M−1 · · ·

be a complex of A-modules. Suppose f1, f2, . . . , fr ∈ Ann (
⊕

Hi(M•)). As usual, subse
quently we write Z0 := Z0 (M•) := ker (∂0), B0 := B0 (M•) := Image (∂1), and likewise. 
Suppose z ∈ Z0 (M•) and consider the map ν0 : A −→ Z0 such that ν0(1) = z. Then 
∀m ≥ r there is a map of complexes
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νm• : K• (fm
1 , fm

2 , . . . , fm
r ) −→ M• 
 νm0 = ν0

Further, with diagonal map Δ : Ar −→ Ar, defined by (f1, f2, . . . , fr), the maps νm• can 
be chosen consistently, as in the commutative diagram

K•(fm
1 , fm

2 , . . . , fm
r )

νm
•

M•

K•(fm+1
1 , fm+1

2 , . . . , fm+1
r )

ΛΔ

νm+1
•

M•

(7)

Proof. Let r = 1. Then we have f ∈ Ann (
⊕

Hi (M•)). We note that fz ∈ B0(M•) is a 
boundary. So, there is a choice m1 ∈ M1 such that d1(m1) = fz. Therefore, we have the 
commutative diagram of complexes

0 A
f2

f

A

1

0

0 A
f

ν1

A

ν0

0

· · · Mr Mr−1 · · · M1
d1

M0 M−1 · · ·

This settles the proof when r = 1. Now suppose the proof is done for any sequence of 
length r − 1. Let

⎧⎪⎪⎪⎨⎪⎪⎪⎩
F = ⊕r

j=1Aej denote the free module
F̂i = ⊕r

j=1,i�=jAei
ei1i2···ip = ei1 ∧ ei2 ∧ · · · ∧ ep ∀1 ≤ i1 < i2 < · · · < ip ≤ r

êi = e1 ∧ · · · ei−1 ∧ ei+1 ∧ · · · ∧ er−1 ∧ er skipping ei

By induction we assume that for each basis element ei1i2...ip , with p ≤ r − 1, we made 
one choice mi1i2...ip ∈ Mp, so that the following maps νpp are defined, sending ei1i2...ip �→
mi1i2...ip . In particular, for all i, we made choices m̂i ∈ Mr−1 such that, we have maps
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0 Aêi

Λr−1Δi

Λr−2F̂i · · · F̂i

f̂r
i

Δi

A

1

0

0 Aêi

êi �→m̂i

Λr−2F̂i · · · F̂i

f̂r−1
i

ν1

A

ν0

0

· · · Mr Mr−1 Mr−2 · · · M1 M0 · · ·

Clearly, these vertical maps agree on the canonical bases of ΛpF for all p ≤ r − 1. 
Combining these, we get the maps for fr−1

1 , fr−1
2 , . . . , fr−1

r . We obtain

0 ΛrF
κr
r

det(Δ)

Λr−1F Λr−2F · · · F
f̂r
i

Δ

A

1

0

0 ΛrF
κr−1
r Λr−1F

êi �→m̂i νr−1
r−1

Λr−2F · · · F
f̂r−1
i

ν1

A

ν0

0

· · · Mr
dr

dr

Mr−1
dr−1

Mr−2 · · · M1 M0 · · ·

Br−1 Zr−1

Write e = e1 ∧ e2 ∧ · · · ∧ er. We have

νr−1
r−1κ

r−1
r (e) =

∑
±fr−1

i νr−1
r−1(êi) = 0 So, νr−1

r−1κ
r−1
r (e) ∈ Zr−1 (M•) is a cycle.

Therefore

νrrκ
r
r(e) = det(Δ)

(
νr−1
r−1κ(e)

)
∈ Br−1 (M•) is a boundary.

So, we can pick

m12···r ∈ Mr 
 dr (m12···r) = νrrκ
r
r(e)

Define

νrr (e) = m12···r

This settles the inductive step, for m = r. For m ≥ r+1, νm• is defined by the consistency 
diagram (7).

This completes the inductive case. The proof is complete. �
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Now we do the same (2.3) for projective schemes Y .

Proposition 2.4. Let Y = Proj (S) be projective scheme over a noetherian a˙ine scheme 
Spec (A), as in (2.1). Let

· · · Fk Fk−1 · · · F1 F0
∂0

F−1 (8)

be a bounded complex of coherent OY -module. Write M =
⊕

Hi (F•) and I ⊆ S be a 
homogeneous ideal such that Ĩ = ann(M). Let f1, f2, . . . , fk ∈ I be homogeneous elements. 
Then there is a map of complexes ν• : E• −→ F• such that

1. First, Ei ∈ V (Y ) ∀ i, and Ei = 0 unless 0 ≤ i ≤ k.
2. The map ν0 : E0 ↠ Z0 (G•) is surjective, and hence H0(ν•) : H0 (E•) ↠ H0 (G•) is 

surjective.
3. In fact, E• will be the direct sum of certain Koszul complexes, similar to the map (7). 

And

H0 (E•) ⊗ L =
(

OY

˜︂(fm1 , fm2 , . . . , fmk )

)t

m � 0, for some t (9)

and for some line bundle L (i.e. up to a twist).
4. Assume f1, f2, . . . , fk induce a regular sequence on an open subset X ⊆ Y (see 2.1). 

Then

(H0 (E•))|X ∈ CMZ(X) with Z = V (f1, f2, . . . , fk) ∩X.

Proof. As the diagram (9) suggests, for fixed k and m ≥ k we will construct one map 
νm• and ν• := νm• will be a map, as requited. By twisting (8) high enough, we assume 
Fi, the boundaries Bi (F•), the cycles Zi (F•), and the homologies Hi (F•) are globally 
generated and⎧⎪⎪⎪⎨⎪⎪⎪⎩

Hi (Y,Fi) = 0 ∀i ≥ 1
Hi (Y,Bj (F•)) = 0 ∀i ≥ 1,∀j
Hi (Y,Zj (F•)) = 0 ∀i ≥ 1,∀j
Hi (Y,Hj (F•)) = 0 ∀i ≥ 1,∀j

[5, III.5.2, III.5.3]

Let z ∈ H0 (Y,Z0 (F•)) and let μz : OY −→ Z0 (F•) ⊆ F0 be the map induced by 
1 �→ z. By induction on k, we prove that for any selection of 1 ≤ i1 < i2 < · · · < ir ≤ k, 
there is a map of complexes

νr• : K•
(
fmi1 , f

m
i2 , . . . , f

m
ir

)
−→ F• ∀m ≥ r (10)
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1. This Koszul complex K•
(
fmi1 , f

m
i2
, . . . , fmir

)
= K•

(
˜︂ϕr
i1...ir

)
is built from the map of 

graded modules ϕr
i1...ir

: Fi1i2...ir =
⊕r

j=1 Seij −→ S sending ei �→ fmi .
2. νr0 = μz

3. With the map

Δ := Δi1i2...tr = Diagonal (fi1 , . . . , fir ) : Fi1i2...ir −→ Fi1i2...ir

we define νm+1
• = νm• Δ̃. So, there are commutative diagrams of maps in Chb (Coh(Y )):

K•
(
f
m+1
i1

, fm+1
i2

, . . . , fm+1
ir

) Δ̃

νm+1
•

K•
(
fmi1 , f

m
i2
. . . , fmir

)
νm
•

F•

∀m ≥ r

Denote di = deg(fi). Consider the diagram

S(−d1)
f1

S

μz

Γ∗ (Y,B0 (Y,F•)) Γ∗ (Y,Z0 (Y,F•))

(11)

The sheafification, leads to diagram

OY (−d1)
f1 OY

μz

˜︂Γ∗ (Y,B0 (Y,F•)) ˜︂Γ∗ (Y,Z0 (Y,F•)) ∼ ι∗Z0 (Y,F•)

Note, the map μzf1 : OY −→ Z0 (F•) (d1) is given by 1 �→ f1z. We have the exact 
sequence

0 H0 (Y,B0 (F•) (d1)) H0 (Y,Z0 (F•) (d1)) H0 (Y,H0 (F•) (d1)) 0

Since f1 ∈ Ann ((H0 (F•)), the global section f1z ∈ H0 (Y,B0(d1)). It follows from the 
exact sequence above, that the above map factors as follows:

OY (−d1)
f1

μzf1

OY

μz

B0 (F•) Z0 (F•) H0 (F•)



216 S. Mandal / Journal of Algebra 680 (2025) 205--266 

The vertical broken arrow is given by the global section f1z ∈ H0 (Y,B0 (F•) (d1)). We 
also have the exact sequence

0 H0 (Y,Z1 (F•) (d1)) H0 (Y,F1(d1))
ε 

H0 (Y,B0 (F•)) (d1) 0

Now we make a choice m1 ∈ H0 (X,F1(d1)) such that ε(m1) = f1z. This gives a map

OY

ν1

1�→m1
F1(d1)

So, the above diagram lifts as follows:

OX(−d1)
f1

μzf1

m1(d1)
OX

μz

F1 B0 (F•) Z0 (F•) H0 (F•)

(12)

Likewise we make one choice mi for i = 1, 2, . . . , k, and do the same. This completes the 
proof, when r = 1.

Now suppose it is done for any sequence of length r − 1 ≤ k − 1. In fact, we can 
assume r = k, for notational conveniences. Before we proceed with the inductive step, 
we fix some notation⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

F =
⊕k

j=1 Sej

Fi1i2...ir =
⊕k

j=1 Seij
F̂i =

⊕k
j=1,j �=i Sej

ei1i2···ip = ei1 ∧ ei2 ∧ · · · ∧ eip ∀1 ≤ i1 < i2 < · · · < ip ≤ k

êj = e1 ∧ · · · ∧ ei−1 ∧ ei+1 ∧ · · · ∧ ek
e = e1 ∧ · · · ∧ ei ∧ · · · ∧ ek

We define two sets of maps{
ϕm := ϕm

i1i2...ip
: Fi1i2...ip −→ S eij �→ fmij

Δ := Δi1i2...ip : Fi1i2...ip −→ Fi1i2...ip eij �→ fijeij

By inductive hypothesis, for all 1 ≤ i1 < i2 < . . . < ip ≤ k, with p ≤ k − 1 we made 
choices

mi1i2...ip ∈ H0 (Y,Fr−1
(
−(di1 + · · · + dip)

))
, Denote m̂i = m1,...,i−1,i+1,...,k (13)

For j = 1, 2, . . . , k, such choices lead to the maps,
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0 Sêj

Λr−1Δ

Λr−2F̂j · · · F̂j

ϕk

Δ

S

1

0

0 Sêj

êj �→m̂j

Λr−2F̂j · · · F̂j

ϕk−1

ν1

S

ν0

0

· · · Mr Mr−1 Mr−2 · · · M0 M−1 · · ·

where, we denote

Mi = Γ∗ (Y,Fi) =
⊕
n≥0

H0 (Y,Fi(n))

These maps agree on the common bases of the respective Koszul complexes. Combining 
these k maps, we obtain the following map

0 Se
κk

det(Δ)

Λk−1F

Λk−1Δ

Λk−2F · · · F
ϕk

Δ

S

1

0

0 Se
κk−1

Λk−1F

êj �→m̂j νk−1
k−1

Λk−2F · · · F
ϕk−1

ν1

S

ν0

0

· · · Mk Mk−1
dk−1

Mk−2 · · · M1 M0 · · ·

It follows dk−1ν
k−1
k−1κ

k−1 = 0. Therefore νk−1
k−1κ

k−1(e) ∈ ker(dk−1). Now sheafify this 
diagram. We obtain the diagram

0 OY (−kd) κk

det(Δ)

Kk−1(ϕk)

Λk−1Δ

Kk−2(ϕk) · · · K1(ϕk)
ϕk

Δ

OY

1

0

0 OY (−(k − 1)d) κk−1

Kk−1(ϕk−1)

êj �→m̂j νk−1
k−1

Kk−2(ϕk−1) · · · K1(ϕk−1)
ϕk−1

ν1

OY

ν0

0

· · · Fk Fk−1
dk−1

Fk−2 · · · F1 F0 · · ·

where d =
∑k

i=1 di. We redraw this diagram:
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0 OY (−kd) κk

det(Δ)

ζ

Kk−1(ϕk)

Λk−1Δ

Kk−2(ϕk)

0 OY (−(k − 1)d) κk−1

η

Kk−1(ϕk−1)

êj �→m̂j νk−1
k−1

Kk−1(ϕk−1)

· · · Fk Fk−1
dk−1

Fk−2

Bk−1 (F•) Zk−1 (F•)

(14)

It follows νk−1
k−1κ

k−1 factors through η. The exact sequence

0 Br−1 (F•) Zr−1 (F•) Hr−1 (F•) 0

induces the exact sequence

0 Γ∗ (X,Br−1) Γ∗ (X,Zr−1) Γ∗ (X,Hr−1) 0

Note that the map det(Δ) is induced by the product f1f2 · · · fk. Since fi ∈ I it follows 
that the det(Δ)η factors thorough a map ζ : OY (−kd) −→ Bk−1 (F•), as in diagram 
(14). We further have the exact sequence

0 Zr (F•) Fr (F•) Br−1 (F•) 0

This induces the exact sequence

0 Γ∗ (Y,Zr (F•))
β

Γ∗ (Y,Fr)
q

Γ∗ (Y,Br−1 (F•)) 0

The map ζ is induced by a map ω : Se −→ H0 (Y,Bk−1 (F•) (kd)). Write ω(e) = ε ∈
H0 (Y,Bk−1(kd)). Now we make a choice

m123...k ∈ H0 (Y,Fk(kd)) 
 q(m123...k) = ε

Define

νkk : OY (−kd) −→ Fk by νkk (e) = m123...k

This completes the construction of (10), as hypothesized.
Note, we assumed Z0 (F•) is generated by finitely many global sections z1, z2, . . . , zt ∈

H0 (Y,Z0 (F•)). We construct and define t maps:
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νk,j• : K (f1, . . . , fk) −→ F• νk,j0 (1) = zj

Taking direct sum

ν• =
t ⊕

j=1 
νk,jk : E• :=

t ⊕
j=1 

K (f1, . . . , fk) −→ F•

With ν• = νn• with n ≥ k the proposition is established. To see this, first we have

H0 (E•) =
(

OX

˜︂(fn1 , . . . , fnk )

)t

in this case, after some twist. (15)

So, (3) holds up to some twist. Likewise, (1, 2) in this twisted case, and hence they hold 
after twisting back, as well.

Finally, since f1, . . . , fk induce a regular sequence on X, it follows from (15) that 
H0 (E•)|X ∈ CMZ(X). So, (3) is also established. The proof is complete. �

Before we do the quasi projective version of (2.4), we insert the following extension of 
[5, Ex. II.5.15].

Lemma 2.5. Let Y be a noetherian scheme and ι : X ↪→ Y be an open subset. Let G• be 
a complex coherent OX-modules, as follows:

Gk+1 Gk

∂k · · · Gr

∂r

Gr−1 · · · G0 G−1

Consider the direct image complex ι∗G•, which is a complex of quasi coherent OY
modules. Then there is a sub complex F• ⊆ ι∗G• of coherent OY -modules, which extends 
G•.

Proof. By [5, Ex II.1.15], for r = −1, 0, . . . , k, k + 1, there are coherent OY -modules 
Fr ⊆ ι∗Gr which extends Gr. However the direct image ι∗∂r may not restrict to a map 
from Fr to Fr−1. To correct this, inductively we define

Fk+1 = Fk+1,Fk = Fk + ι∗∂k+1 (Fk+1) , . . . ,Fr = Fk + ι∗∂r+1 (Fr+1) , · · ·

For open subsets U ⊆ X, inductively, we have⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Fk+1(U) = Fk+1(U) = Gk+1(U)
Fk(U) = Fk(U) + ∂k+1Gk+1(U) = Gk(U)
· · ·
Fr(U) = Fr(U) + ∂r+1Gk+1(U) = Gr(U)
· · ·
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The proof is complete. �
The following is the main result in this section, which is a quasi projective version of 

(2.4).

Theorem 2.6. Let X be a quasi projective scheme over a noetherian a˙ine scheme 
Spec (A), as in (2.1). Let Z ⊆ X be a closed subset, with grade(Z,X) = k. Let

· · · Gk Gk−1 · · · G1 G0
∂0

G−1 (16)

be a complex in Coh(X), such that the homologies Hi (G•) ∈ CohZ(X) ∀i = 0, 1, . . . , k. 
Then there is a sequence f1, f2, . . . , fk on X such that Z ⊆ V (f1, f2, . . . , fk) and a map of 
complexes ν• : E• −→ G• such that

1. First, Ei ∈ V (X) ∀i, and Ei = 0 unless 0 ≤ i ≤ k.
2. The map ν0 : E0 ↠ Z0 (G•) is surjective, and hence H0(ν•) : H0 (E•) ↠ H0 (G•) is 

also surjective. Further, f1, . . . , fk is a regular sequence on X (see 2.1). Consequently, 
Hi (E•) = 0 ∀i ≥ 1.

3. In fact, E• will be the direct sum of certain Koszul complexes, similar to the map (7). 
And

H0 (E•) ⊗ L =

⎛⎝ OX

˜︂(fm1 , fm2 , . . . , fmk )|X

⎞⎠t

m � 0, for some t (17)

and for some line bundle L (i.e. up to a twist).
4. Finally, if Z = V (f1, f2, . . . , fk) ∩ X is complete intersection, as in Setup 2.1, then 

further (H0 (E•))|X ∈ CMZ(X).

Proof. We assume Gn = 0, n ≥ k + 2, because there is no loss of generality. We 
will complete the proof, by an application of (2.4). We will deal with (4) at the 
end and prove the rest first. Assume X ⊆ Y = Proj (S) is open and dense, where 
S =

⊕
n≥0 Sn = A[x1, x2, . . . , xN ], with deg xi = 1. Let Z =

⋃�
j=1 V (℘j) ∩ X be an 

irreducible decomposition, with ℘j ∈ X and J =
⋂�

j=1 ℘j .
By (2.5) there is a subcomplex F• ⊆ ι∗G• of coherent OY -modules such that 

the restriction F•|X = G•. Since ι∗G•|Y−V (J) = 0, we have F•|Y−V (J) = 0. It fol
lows that Supp (

⊕
Hi (F•)) ⊆ V (J). Let I ⊆ S be a homogeneous ideal such that 

Ĩ = ann (
⊕

Hi (F•)). So, V (I) ⊆ V (J) and hence Jp ⊆ I, for p � 0. Further 
I := (

⊕
Hi (G•)) = Ĩ|X .

Inductively, we pick f1, f2, . . . , fk ∈ Jp that induce an OX -regular sequences on X.
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1. Let p1, . . . , pn be the associated primes of S, such that pi ∈ X. So, pi corre
sponds to associated primes of S(fj). Suppose J ⊆ pi. This is impossible because 
grade(

(
J(pi),OX,pi

)
≥ k. So, we can pick a homogeneous element f1 ∈ Jp −

⋃
pi.

2. Now assume f1, . . . , fu−1 ∈ Jp, with u ≤ r, has been selected so that, any of its 
subsequence, will induce a regular OX -sequence. Let

P =
{
℘ ∈ X : ℘ ∈ Ass

(
S

(fi1 , . . . , fiv )

)
: v ≤ u− 1, 1 ≤ i1 < · · · < iv ≤ u− 1

}

Suppose J ⊆ ℘ ∈ P. This is impossible because grade
(
J(℘), S(℘)

)
≥ k. So, we pick

fu ∈ Jp −
⋃

{℘ : ℘ ∈ P} where fu is homogeneous.

So, the existence of f1, f2, . . . , fk ∈ Jp is established. In the case of point (4), we do not 
go through this process, and instead use

f1 := fp
1 , f2 := fp

2 , . . . , fk = fp
k ∈ Jp ⊆ I

which is also a regular sequence on X, by hypothesis. Apply (2.4) to the extended 
complex F•. This way we obtain a map ν• : E• −→ F•, satisfying all the properties in 
(2.4). Now the theorem follows by restricting ν• to X. The proof is complete. �

The following small improvement of (2.6) will be some use in future.

Corollary 2.7. Consider the hypotheses of (2.6). Further assume that Z0 (G•) ∈
CohZ(X). Then the map ν• : E• −→ G• in (2.6), can be constructed with the addi
tional property that ν0 factors as follows:

E0

ν0

H0(E•)

ν0
Z0(G•)

Proof. Use the notations as in the proof of (2.6, 2.4). We outline the adjustments needed 
to proof of (2.6). There is no loss of generality, if we assume Z0 (G•) = G0.

As in (2.6), let F• be an extension of G• to Y = Proj (S). Let K ⊆ S be a homogeneous 
ideal, such that K̃ = ann (F0). It follows Supp (F0 ⊕ (

⊕
Hi (F•))) ⊆ V (J). So, V (K ∩

I) ⊆ V (J) and hence Jp ⊆ K∩I for some p � 0. So, we have the choices of f1, f2, . . . , fk ∈
Jp ⊆ K ∩ I.

Now we do the adjustment needed in the proof of (2.4). In the diagram (11), we have 
f1z = 0. It follows from this that the diagram (12) can be extended to the following
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OX(−d1)
f
m
1

μzf
m
1

OX

μz

OY˜(fm1 )

μz

F1 Z0 (F•) H0 (F•)

commutative diagram ∀m ≥ 1 (18)

Therefore, the diagram

K1(fm1 , . . . , fmk )

μ1

OX

μ0

OY

˜︂

(
fm1 ,...,fmk

)
μ0

F1 Z0 (F•) H0 (F•)

commutes ∀m ≥ k

The map νm0 is obtained by taking direct sum of such diagrams. This establishes the 
corollary. The proof is complete. �

The following basic result is a consequence of (2.6), which is a refinement of [13, Lem 
22].

Corollary 2.8. As in (2.6), let X be a quasi projective scheme over Spec (A), and Z ⊆ X

be a closed subset, with structure of a complete intersection subscheme, as in the setup 
(2.1). Let F ∈ CohZ(X). Then there is a surjective map

E
f

F with E ∈ CMZ(X).

Proof. It is immediate application of (2.6) to the complex 0 F 0 . The 
proof is complete. �
3. Derived equivalences

In this section, we prove two equivalence theorems (3.2, 3.11) and summarize them 
in Theorem 3.12. Before we proceed we recall the following from [13, Lem 3.2] that is 
needed to prove the first equivalence Theorem 3.2.

Lemma 3.1. Let A be an abelian category and F•,G• be two objects in the bounded 
derived category Db(A ). Assume, for some n0 ∈ Z, we have{

Hr (F•) = 0 ∀r ≤ n0 − 1
Hr (G•) = 0 ∀r ≥ n0

Then MorDb(A ) (F•,G•) = 0. Further, if V ⊆ A is a resolving subcategory, then the 
same holds for Db(V ).
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The following is the statement of our first equivalence theorem.

Theorem 3.2. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in section C. So, X ⊆ Y := Proj (S) is open, as in (C.2). Let Z ⊆ X be a closed 
subset. Consider the commutative diagram of natural functors

Db
(
MZ(X)

) ιZ
Db

Z (M(X)) Db
Z (V (X))

ζZ

Db (M(X)) Db (V (X))
ζ

Then ζ and ζZ are natural equivalences. Further, if Z has a structure of a complete 
intersection subscheme, with grade(Z,X) = k, as in the setup (2.1) then ιZ is also a 
natural equivalence.

Proof. It is well known that the functor ζ : Db (V (X)) ∼ −→ Db (M(X)) is an equivalence 
(e.g. one can use [7, Sec. 1.5]). Restricting this equivalence to Db

Z (V (X)), it is clear that 
ζZ is an equivalence. For future reference we comment that inverse of ζZ is given by the 
double complex trick.

So, now we prove that ιZ is an equivalence, when Z is a complete intersection as in 
(2.1). We write the proof in the following propositions. See Remark 3.5. �

The following is an analogue of [13, Prop 3.4].

Proposition 3.3. Use the notations as in Theorem 3.2. Assume Z has a complete inter
section subscheme structure, with grade(Z,X) = k, as in (2.1). Then, ιZ is essentially 
surjective and full.

Proof. We will write ι := ιZ . Note that ι is an inclusion, at object level. For F• ∈
Chb(Coh(X)), we say

width (F•) ≤ r, if Hp (F•) = 0, ∀ p / ∈ [n, n + r], for some n ∈ Z.

We use induction on the width r, and prove the following:

1. Let F• ∈ Db
Z (M(X)) and width (F•) ≤ r. Then F• ∼ = ιZ

(
F̃•
)
, for some F̃• ∈

Obj
(
Db
(
MZ(X)

))
.

2. Given F•,G• ∈ Obj
(
Db
(
MZ(X)

))
, with width (F•

⊕
G•) ≤ r, the map

MorDb(MZ(X)) (F•,G•) ↠ MorDb
Z(M(X)) (F•,G•)

is surjective.
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Let F• ∈ Db
Z (M(X)) and width (F•) ≤ r = 0. We can assume n = 0 and hence 

Hi (F•) = 0, ∀ i �= 0. By replacing F0 by Z0 = ker (F0 −→ F−1) ∈ M(X), we can 
assume that Fi = 0, ∀i ≤ −1. Note, B0 = Image (F1 −→ F0) ∈ M(X). So, H0 (F•) =
Z0
B0

∈ MZ(X). As usual, we treat H0 (F•) as a complex in Db
(
MZ(X)

)
, concentrated 

at degree zero. It follows that the map F• −→ ι (H0 (F•)) is a quasi isomorphism, in 
Chb (M(X)). So, (1) is established, when r = 0.

Now suppose F•,G• ∈ Obj
(
Db
(
MZ(X)

))
and width (F•

⊕
G•) ≤ r = 0. We can 

assume

Hi (F•) = Hi (G•) = 0 ∀ i �= 0

Let f• ∈ MorDb
Z(M(X)) (F•,G•). We can write

f• = g•t
−1
• : F• W•

t• g•
G•

where t• is a quasi isomorphism in Chb
(
(MZ(X)

)
As before, we can assume Fi = Wi = Gi = 0 ∀i ≤ −1. Now, the commutative diagram

F•


 α

W•
t• g•




G•


β

H0 (F•) H0 (W•)
H0(t•) H0(g•)

H0 (G•)

gives a lift of f•. In other words, f• = ι
(
β−1H0 (g•)H0 (t•)−1

α
)
. So, (2) is established, 

when r = 0.
For the inductive step, assume r ≥ 1. Let F• ∈ Obj(Db

Z (M(X)), with width (F•) ≤ r. 
We can assume

Hi (F•) = 0 unless r ≥ i ≥ 0 and H0 (F•) �= 0, Supp (Hi (F•)) ⊆ Z ∀i.

As before, we can assume that Fi = 0, ∀ i ≤ −1. Since Z is complete intersection, with 
grade(Z,X) = k, by Theorem 2.6(4), there is a morphism ν• : E• −→ F• such that

1. the complex E• ∈ Db (V (X)), Ei = 0 unless 0 ≤ i ≤ k := grade(Z,X).
2. Hi (E•) = 0, ∀i �= 0.
3. H0 (E•) ∈ CMZ(X).
4. Finally, the map H0 (ν•) : H0 (E•) ↠ H0 (F•) is surjective.

As before, we consider H0 (E•) ∈ Db
(
MZ(X)

)
, concentrated at degree zero. Then 

ι (H0 (E•)) ∼ = E• ∈ Db
Z (M(X)). Embed ν• in an exact triangle
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T−1Δ•
μ•

E•
ν•

F•
η• Δ• in Db

Z (M(X)) (19)

The corresponding homology exact sequence yields the following:

1. The sequence

0 H1 (F•) H1 (Δ•) H0 (E•)
H0(ν•)

H0 (F•) 0

is exact, because H0 (ν•) is surjective.
2. Hi (Δ•) = 0 ∀i ≤ 0.
3. Hi (Δ•) ∼ = Hi (F•) , ∀i ≥ 2.

So, it follows width (Δ•) ≤ r − 1. By induction, we obtain the following:

1. There is Δ̃• ∈ Db
(
MZ(X)

)
such that ι

(
Δ̃•
)
∼ = Δ• in Db

Z (M(X)).
2. As before consider H0 (E•) ∈ Db

(
MZ(X)

)
, concentrated at degree zero. Then 

width
(
H0 (E•)

⊕
T−1Δ•

)
≤ r − 1. By induction (2), there is a map

T−1Δ̃•
ϕ• H0 (E•) 
 ι (ϕ•) = μ• as in the triangle (19).

Now, embed ϕ• in an exact triangle

T−1Δ̃•
ϕ• H0 (E•)

ψ•
G•

β• Δ̃• in Db
(
MZ(X)

)
. (20)

Take the image under ι and compare these two (19), (20) triangles

T−1Δ•
μ•




E•
ν•




F•
η•




Δ•




T−1ι
(
Δ̃•
)

μ•
ι (H0 (E•))

ψ•
ι (G•)

ι(β•)
ι
(
Δ̃•
)

The solid vertical arrows induce the broken arrow. Since the solid vertical arrows are 
equivalences, so is the broken arrow. This completes the proof of the inductive step of 
(1).

To prove the inductive step for (2), let F•, G• be complexes in Db
(
MZ(X)

)
and let 

f• ∈ MorDb
Z(M(X)) (F•,G•), and width (F•

⊕
G•) ≤ r. Assume Fi = Gi = 0, ∀i ≤ −1

and, either H0 (F•) �= 0 or H0 (G•) �= 0. In either case, by Theorem 2.6(4), there are 
morphisms ν• : E• −→ F•, μ• : L• −→ G• of complexes such that
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1. Unless 0 ≤ i ≤ k = grade(Z,X), Ei = 0, Li = 0. Further, the complexes E•,L• ∈
Db

Z (V (X)),
2. Hi (E•) = 0,Hi (L•) = 0 ∀i �= 0.
3. We have

{
H0 (E•) ∈ CMZ(X)
H0 (L•) ∈ CMZ(X).

4. Finally,

{
H0 (ν•) : H0 (E•) ↠ H0 (F•)
H0 (μ•) : H0 (L•) ↠ H0 (G•)

are surjective.

Consider the following commutative diagrams

E1

ν1

E0

ν0

H0 (E•)

H0(ν•)

0

F1 F0 H0 (F•) 0

L1

μ1

L0

μ0

H0 (L•)

H0(μ•)

0

G1 G0 H0 (G•) 0

It follows from Corollary 2.7 of Theorem 2.6, the maps ν0, H0 (ν•) factors through a 
surjective map H0 (E•) −→ F0 and likewise for μ0, H0 (μ•), as in the diagrams:

E1

ν1

E0

ν0

H0 (E•)

H0(ν•)
ν

0

F1 F0 H0 (F•) 0

L1

μ1

L0

μ0

H0 (L•)

H0(μ•)
μ

0

G1 G0 H0 (G•) 0

Now treat H0 (E•) and H0 (L•), as two complexes in Db
(
MZ(X)

)
, concentrated at 

degree zero. The maps ν, μ extend to maps of complexes ν•, μ•, as in the commutative 
diagrams

H0 (E•)

ν•

E• ν•
F•

and

H0 (L•)

μ•

L• μ•
G•

which reside in DZ (M(X))

By replacing L• by E•
⊕

L• and μ• := f•ν• + μ•, we can assume that the diagram
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E•
ν•

Φ•

F•

f•

L• μ•
G•

commutes.

This extends to the commutative diagram

E•
ν•

Φ•

F•

f•H0 (E•)
ν•

L• μ•
G•

H0 (L•)
μ•

The middle vertical map is ϕ• := H0 (Φ•). Embed ν• and μ• in exact triangles in 
Db
(
MZ(X)

)
, as follows:

T−1Δ• H0 (E•)
ν•

F• Δ•

T−1Γ• H0 (L•)
μ•

G• Γ•

Since f• is in Db
Z (M(X)) we extend it, as follows:

T−1Δ•

T−1η•

H0 (E•)

ϕ•

ν•
F•

f•

Δ•

η•

T−1Γ• H0 (L•)
μ•

G• Γ•

in Db
Z (M(X)) . (21)

Here η• in Db
Z (M(X)) is obtained, by properties of triangulated categories. The induction 

hypothesis applies to η•. So, there are morphisms{
ϕ̃• := ϕ• : H0 (E•) −→ H0 (L•)
η̃• : Δ• −→ Γ•

in Db
(
MZ(X)

)

 

{
ι (ϕ̃•) = ϕ•
ι (η̃•) = η•

Now consider the diagram
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T−1Δ•

T−1η̃

H0 (E•)

ϕ̃

ν•
F•

g•

Δ•

η̃

T−1Γ• H0 (L•)
μ•

G• Γ•

(22)

It is clear that the left hand rectangle commutes in Db
Z (M(Z)). By Lemma 3.1, it follows 

that the left hand square commutes in Db
(
MZ(X)

)
. By properties of the triangulated 

category Db
(
MZ(X)

)
, it follows that there is a map g• : F• −→ G• in Db

(
MZ(X)

)
, so 

that the above diagram commutes.
Now we claim that f• is in the image of ι. Write h = f•−ι (g•). Apply ι to the diagram 

(22) and take the difference with diagram (21). This way we obtain the following diagram:

T−1Δ•

0

H0 (E•)

0

ν•
F•

γ

h
ω

Δ•

0
ε

T−1Γ• H0 (L•)
μ•

G• Γ•

The maps ω and ε are obtained by weak kernel and weak cokernel properties.

1. Consider the case, H0 (F•) = 0. By Lemma 3.1 MorDb
Z(M(X)) (F•,H0 (L•)) = 0. So, 

ω = 0 and hence h = 0. Therefore, ι (g•) = f•. So, the proposition is established 
whenever width (F

⊕
G ) ≤ r and H0 (F•) = 0.

2. Consider the case, H0 (F•) �= 0. In this case, H0 (Δ•) = 0, and width (Δ•
⊕

G•) ≤ r. 
So, by the above case,

MorDb(MZ(X)) (Δ•,G•) ↠ MorDb
Z(MZ(X)) (Δ•,G•) is surjective.

Therefore ι(ε̃) = ε, for some ε̃. Hence h = ι(ε̃γ) is in the image of ι. Hence f• =
ι(g•) + h = ι ((g• + ε̃γ) is in the image of ι.

The proof is complete. �
Now we prove the faithfulness of ιz.

Proposition 3.4. Use the notations, as in (3.2). Assume that Z has a complete intersec
tion subscheme structure, as in (2.1). Then the functor ι := ιZ is faithful.

Proof. Let f• : F• −→ G• be a map in Db
(
MZ(X)

)
, and ιZ (f•) = 0. We prove f• = 0. 

We can assume that f• is denominator free. So, f• is a morphism in Chb
(
MZ(X)

)
. 

Embed f• in an exact triangle
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T−1Δ•
g•

F•
f•

G•
h• Δ•

Applying ιZ , we obtain the exact triangle

T−1Δ•
g•

F•
0

G•
h• Δ• in Db

Z (M(X)) .

Using weak kernel property, g• splits, as follows:

F•

1

η•

T−1Δ• g•
F• 0

G•
h•

Δ•

in Db
Z (M(X)) .

By fullness (3.3), there is

η̃• ∈ MorDb(MZ(X))
(
F•, T

−1Δ•
)


 ιZ (η̃•) = η•.

Now we embed g•η̃• in an exact triangle

F•
g•η̃•

F• Γ• TF• in Db
(
MZ(X)

)
.

Under ιZ , this exact triangle maps to

F•
1

F• Γ• TF• in Db
Z (M(X)) .

This means that Γ• ∼ = 0 is acyclic in Db
Z (M(X)). In other words, it is exact, and hence 

is acyclic (exact) in Db
(
MZ(X)

)
, as well. It follows now that g•η̃• is an isomorphism 

in Db
Z (M(X)). Therefore g•

(
η̃• (g•η̃•)−1

)
= 1F• . So, g• splits in Db

Z (M(X)). Since 

f•g• = 0, it follows f• = 0 in Db
Z (M(X)). The proof is complete. �

Remark 3.5. This completes the proof of Theorem 3.2.

3.1. The category CMZ(X) of perfect modules

The importance of various categories of perfect modules in K-theory was already 
evident in [13,12,10] and others. In this article, we further work with that category of 
perfect modules CMZ(X), with support in Z. Its importance in hermitian theory is 
particularly crucial, because it CMZ(X) has a natural duality. In this subsection, we 
prove the equivalence Db

(
CMZ(X)

) ∼ = Db
(
MZ(X)

)
of the derived categories, under the 

setup (2.1). We augment the equivalence in Theorem 3.2, with this further equivalence. 
First, we establish some preparatory work.
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Lemma 3.6. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). So, X ⊆ Y := Proj (S) is open. Let Z ⊆ X be a closed subset and 
grade(Z,X) = k. Consider the exact sequence

0 K E F 0

Suppose E∈CMZ (X) and F∈MZ (X). Then dimV (X) K ≤ max
{
k,dimV (X) F − 1

}
. 

In case max
{
k,dimV (X) F − 1

}
= dimV (X) F − 1 then dimV (X) K = dimV (X) F − 1.

Proof. Use Tor argument, locally. �
We record some basic properties of the category CMZ(X), as follows.

Lemma 3.7. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). So, X ⊆ Y := Proj (S) is open. Let Z ⊆ X be a closed subset and 
grade(Z,X) = k.

1. Suppose E ∈ CMZ(X) and L ∈ V (X). Then E ⊗ L ∈ CMZ(X).
2. Suppose F ∈ CohZ(X) and Z has a complete intersection subscheme structure, as in 

(2.1). Then there is a surjective map ϕ : E ↠ F where E ∈ CMZ(X).

Proof. First, (1) is obvious. Now, (2) is a restatement of Corollary 2.8. �
Lemma 3.8. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). So, X ⊆ Y := Proj (S) is open, for some Y . Let Z ⊆ X be closed 
subset, with a complete intersection subscheme structure, as in (2.1). Let F ∈ MZ(X). 
Then there is a resolution

0 Ln Ln−1
dn−1 · · · L1 L0 F 0


 Li ∈ CMZ(X)
(23)

where n = dimV (X) F − k.

Proof. Write m = dimV (X)(F ). Then k = grade(Z,X) ≤ grade(F ) ≤ m. If m = k

then F ∈ CMZ(X). Therefore, assume k ≤ m − 1. By (3.7) there is a surjective map 
d0 : L0 ↠ F , with L0 ∈ CMZ(X). Let E0 = ker(d0). So, we have the exact sequence

0 E0 L0
d0

F 0 with E0 ∈ MZ(X).

It follows, dimV (X) E0 = m− 1. Again, by (3.7) there is a surjective map d1 : L1 ↠ E0. 
So, we have an exact sequence
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0 E1 L1
d1

L0
d0

F 0 with E1 ∈ MZ(X).

Now the proof is complete, inductively. �
Lemma 3.9. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). So, X ⊆ Y := Proj (S) is open for some Y . Let Z ⊆ X be a closed 
subset and grade(Z,X) = k. Consider an exact sequence

0 K F G 0 in MZ(X).

1. If K ,G ∈ CMZ(X) then F ∈ CMZ(X).
2. If F ,G ∈ CMZ(X) then K ∈ CMZ(X).

Proof. Suppose K ,G ∈ CMZ(X). It is immediate F ∈ MZ(X) and k = dimV (X)(F ). 
So, F ∈ CMZ(X). This settles (1).

Now F ,G ∈ CMZ(X). So, K ∈ MZ(X). It is also clear dimV (X) K ≤ k. Since 
K ∈ MZ(X), grade(F ) ≥ k. So, k ≤ grade(F ) ≤ dimV (X) F ≤ k. So, dimV (X) F = k. 
This settles (2). The proof is complete. �

The following casts the above in the mold of resolving subcategories.

Corollary 3.10. Suppose X is a quasi projective scheme over Spec (A). Use other nota
tions, as in (C.1), (C.2). So, X ⊆ Y := Proj (S) is open. Let Z ⊆ X be a closed subset, 
with a complete intersection subscheme structure, as in (2.1).

Then CMZ(X) ⊆ CohZ(X) is a resolving subcategory (in the sense of [14, Def 3.1]). 
Further,

MZ(X) =
{
F ∈ CohZ(X) : dimCMZ(X) F < ∞

}
Proof. Follows directly from (3.9, 3.7). �

Now, we are ready to state and prove the second equivalence theorem.

Theorem 3.11. Suppose X is a quasi projective scheme over Spec (A). Use other nota
tions, as in (C.1, C.2). So, X ⊆ Y := Proj (S) is open, for some Y . Let Z ⊆ X be a 
closed subset. Assume Z has a complete intersection subscheme structure, as in (2.1). 
Then the natural functor

Db
(
CMZ(X)

) ∼ Db
(
MZ(X)

)
is an equivalence. (24)
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Proof. Consider the commutative diagram

0 K1

q2

E1
εq

q1

F 0

0 K2 E2 ε
F 0 in MZ(X)

(25)

Here the second line is a given exact sequence in MZ(X), and F ∈ CMZ(X). By (3.7), 
there is a surjective map q1 : E1 ↠ E2, with E1 ∈ CMZ(X). Let K1 = ker(εq1). Then 
q1 induces a map q2 : K1 ↠ K2. In fact, q2 is surjective (use Snake Lemma). Further, 
K1 ∈ CMZ(X), by (3.9).

This shows that [7, Cond b, §1.5] is satisfied by the functor ζ : CMZ(X) −→ MZ(X). 
By (3.10), any object F ∈ MZ(X) has a finite resolution by objects in CMZ(X). In 
other words, [7, Cond a, §1.5] is also satisfied by the functor ζ.

By [7, Last para of §1.5] (the dual version), it follows that the map (24), which is 
induced by ζ, is an equivalence. The proof is complete. �

The following is the summary of the equivalences that we have established.

Theorem 3.12. Suppose X is a quasi projective scheme over Spec (A). Use other nota
tions, as in (C.1, C.2). So, X ⊆ Y := Proj (S) is open, for some Y . Let Z ⊆ X be a 
closed subset. Assume Z has a complete intersection subscheme structure, as in (2.1). 
Then we have the following equivalences of Derived categories:

Db
(
CMZ(X)

)
∼
α Db

(
MZ(X)

)
∼
β

Db
Z (M(X)) Db

Z (V (X))∼
η (26)

All the functor α, β and η are defined naturally. The inverse of η is given by double 
complex trick. For future reference (5.3), we note that there is a natural equivalence

Db
(
CMZ(X)

)
∼

η−1βα
Db

Z (V (X)) (27)

An object F ∈ CMZ(X) is treated as a complex concentrated at degree zero. We have

η−1βα(F ) = a resolution of F

Proof. This follows from Theorems 3.11 and 3.2. The proof is complete. �
4. The K-theory localization sequence

In this section we discuss the main results on K-Theory exact sequences, in this article. 
By K-Theory, we mean non connective version of K-theory, which takes values in the 
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category Sp of spectrum of pointed spaces [10, pp 402]. We will not discuss connective 
K-theory. However, for idempotent complete exact categories E , the nonnegative groups 
Kn (E ) ∼ = Kn (E ) ∀n ≥ 0 are isomorphic [10, pp 406]. Subsequently, for an exact category 
E the K-theory spectra of E will be denoted by K(E ) [17, Section 2.4.3]. Unless stated 
otherwise, we talk about K-theory of exact categories only.

Theorem 4.1. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). Let Z ⊆ X be a closed subset. Assume Z has a structure of a complete 
intersection subscheme, as in (2.1). and Write U = X − Z. Then the sequence

K
(
CMZ(X)

)
K (V (X)) K (V (U)) in Sp (28)

is a homotopy fibration of spectra. Consequently, ∀n ∈ Z, there is a long exact sequence 
of K-groups:

· · · Kn

(
CMZ(X)

)
Kn (V (X)) Kn (V (U)) Kn−1

(
CMZ(X)

)
· · ·
(29)

We further have homotopy equivalences:{
K
(
CMZ(X)

) ∼ −→ K
(
MZ(X)

)
K (V (X)) ∼ −→ K (M(X))

(30)

Proof. As in (C.1), for any exact subcategory B(X) ⊆ Coh(X), denote the subcategories

Chb
Z (B(X)) =

{
E• ∈ Chb (B(X)) : Hi (E•) ∈ CohZ(X) ∀ i

}
We use this notation for B(X) = V (X), M(X) and others. These are treated as com
plicial exact categories with weak equivalences (quasi isomorphisms). By Agreement 
theorem [17, 2.4.3, 3.2.30], [10, pp 409] it follows⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

K (M (X)) ∼ −→ K
(
Chb (M(X))

)
K (M (U)) ∼ −→ K

(
Chb (M(U))

)
K
(
MZ (X)

) ∼ −→ K
(
Chb

(
MZ(X)

))
K
(
CMZ (X)

) ∼ −→ K
(
Chb

(
CMZ(X)

))
K (V (X)) ∼ −→ K

(
Chb (V (X))

)
K (V (U)) ∼ −→ K

(
Chb (V (U))

)
are homotopy equivalences in Sp.

Now consider the sequence of functors

Chb
(
CMZ(X)

)
Chb

(
MZ(X)

)
Chb

Z (M(X))

of complicial exact categories. The functors of associated exact categories
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Db
(
CMZ(X)

) ∼ Db
(
MZ(X)

) ∼
Db

Z (M(X))

are equivalences, by Theorem 3.12. By Triangular equivalence ([17, Thm 3.2.29], [10, pp 
409]), it follows that the following maps of K-theory spectra

K
(
Chb

(
CMZ(X)

))
K
(
Chb

(
MZ(X)

))
K
(
Chb

Z (M(X))
)

in Sp

are homotopy equivalences. Combining with the above, we have a sequence of homotopy 
equivalences

K
(
MZ(X

)
K
(
Chb

Z (M(X))
)

K
(
Chb

Z (M(X))
)

in Sp

of K-theory spectra. Further, the functor of complicial exact categories, with weak equiv
alences (i.e. the quasi isomorphisms)

Chb
Z (V (X)) −→ Chb

Z (M(X)) induce the functor ζ : Db
Z (V (X)) −→ Db

Z (M(X)) .

The latter functor is also an equivalence, by Theorem 3.2. Hence by the triangular 
equivalence theorem ([17, Thm 3.2.29], [10, pp 409]), it follows the map

K
(
Chb

Z (V (X))
) ∼ −→ K

(
Chb

Z (M(X))
)

in Sp

is a homotopy equivalence. Putting all these together,

K
(
MZ(X

)
K
(
Chb

Z (M(X))
)

K
(
Chb

Z (M(X))
)

K
(
Chb

Z (M(X))
)

is a zig-zag sequence of homotopy equivalences of spectra. Of course, homotopy inverse 
of the last map is also given by a functor, by double complex.

Now consider the sequences for functors

Chb
Z (V (X)) Chb (V (X)) Chb (V (U))

Chb
Z (M(X)) Chb (M(X)) Chb (M(U))

The induced diagram of the associated triangulated categories is as follows:

Db
Z (V (X))




Db (V (X))




Db (V (U))




Db
Z (M(X)) Db (M(X)) Db (M(U))
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The lower line is exact up to factor (direct summand), by [17, Prop A.4.7]. Since the 
vertical maps are equivalences, the first line is also exact up to factor. Consider the 
diagram

K (V (X))




K (V (U))




K
(
Chb (V (X))

)



K
(
Chb (V (U))

)



K
(
Chb

Z (M(X))
)

K
(
Chb (M(X))

)
K
(
Chb (M(U))

)

K
(
MZ (X)

)


of maps of spectra. By Waldhausen-Thomason localization ([17, 3.2.27], [10, pp 408]) 
it follows that the third line is a homotopy fibration. Further the vertical maps are 
homotopy equivalences. Therefore, the sequence

K
(
MZ(X)

)
K (V (X)) K (V (U)) in Sp (31)

is a homotopy fibration. By similar argument, using the Agreement theorem [17, 3.2.30] 
and [17, Thm 3.2.29], the following are equivalences of homotopy spectra:

K (V (X))




K (M(X))




K
(
Chb (V (X))

)
∼ K

(
Chb (M(X))

)
K
(
CMZ(X)

)



K
(
MZ(X)

)



K
(
Chb

(
CMZ(X)

))
∼ K

(
Chb

(
MZ(X)

))
This establishes the equivalences (30). Combining with (31) it follows that the sequence 
(28) is also a homotopy fibration. The proof is complete. �
5. The GW -theory localization sequence

In this section we develop exact sequence of GW -groups, similar to (28), (29). We 
refer to section C for notations, in particular X denotes a quasi projective scheme over 
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a noetherian a˙ine scheme Spec (A). We assume 1/2 ∈ A, in this section and whenever 
we talk about hermitian (GW ) theory. Further refer to sections B, B.1, B.2, B.3 for 
background on GW theory, Karroubi GW bispectrum BiSp and others. In particular, 
we distinguish GW bispectrum GW (E )± ∈ BiSp of an exact category E with duality 
and the bispectrum GW [n] (dgE ) ∈ BiSp of the dg category dgE of its bounded chain 
complexes. We will only discuss Karoubi GW bispectrum, outside the background given 
in section B.

The GW -theory differs from K-theory, in that, for quasi projective schemes X over a 
noetherian a˙ine scheme Spec (A), the category MZ(X) does not have a natural duality. 
So, to do GW -theory (or GW, gW theory), our only option remains is to work with the 
category CMZ(X) of perfect modules, which has a natural duality. Because of this our 
results in the section are sharper than the results on K-theory in section 4.

Definition 5.1. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). Let Z ⊆ X be a closed subset and grade(Z,X) = k. Fix an invertible 
sheaf L on X. Define the functor

∨:= (−)∨L : CMZ(X) ∼ −→ CMZ(X) by F∨ = E xtk (F ,L ) (32)

Usually, we ignore to mention the label L . It is easy to check that ∨ defines a duality.

Following are some more notations and some comments.

Notation 5.2. Suppose X is a quasi projective scheme over a noetherian a˙ine scheme 
Spec (A). Assume 1/2 ∈ A. Let Z ⊆ X be a closed subset and grade(Z,X) = k. We also 
fix an invertible sheaf L on X.

1. Recall the notations Perf(X), PerfZ(X), dgE (X) and others from section C. We 
will be mindful to add prefix dg to an exact category, when we want to distinguish 
these two.

2. Given X, as above, we fix a minimal injective resolution I• of OX :

0 OX I0 I−1 I−2 · · · (33)

Clearly, I• ∈ Perf(X).
Consequently, L I• := L ⊗ I• ∈ Perf(X), is an injective resolution of L .
For F• ∈ Perf(X), we denote

F∨ := F∨
L = Hom (F•,L I•) . (34)

3. (Lemma:) It is a standard fact that the association F �→ F∨ endows (dgPerf(X), q)
with a structure of a dg category with duality and weak equivalences. Here q denotes 
the subcategory of quasi isomorphisms in Perf(X). For a proof see [16, Lem 4.8].
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Now we formulate a duality version of the main equivalence Theorem 3.12, as follows.

Proposition 5.3. Suppose X is a quasi projective scheme over Spec (A), with 1/2 ∈ A. 
Use other notations, as in (C.1, C.2). Let Z ⊆ X be a closed subset, with the structure 
of a complete intersection subscheme, as in (2.1), and grade(Z,X) = k. We also fix an 
invertible sheaf L on X. Then there is a natural duality preserving equivalence

Db
(
CMZ(X)

)
T kDb

Z (V (X)) (35)

of derived categories. Here T denotes the shift functor, on either side. The duality on the 
left side is induced by the duality given in Definition 5.1. The duality # on right side is 
also induced by that on V (X), namely # := T kHom (−,L ).

Proof. As was commented in Theorem 3.12, Equation (27), there is a natural equivalence

ω : Db
(
CMZ(X)

)
−→ Db

Z (V (X))

of derived categories, given by resolutions. For F ∈ CMZ(X), we have dimV (X) F = k. 
It follows from this that ω is actually an equivalence, as required (35). The proof is 
complete. �

Readers are referred to [16, §1.10, pp. 1747], [10, Def 10.2.4, 10.2.15] for the jargon on 
dg categories with duality and weak equivalences. As usual, in chain complex categories, 
the quasi isomorphisms q are the weak equivalences, by default.

Lemma 5.4. Suppose X is a quasi projective scheme over Spec (A) with 1/2 ∈ A. Use 
other notations, as in (C.1, C.2). Let Z ⊆ X be a closed subset and grade(Z,X) = k. 
We also fix an invertible sheaf L on X. Then

1. The inclusion ζ : dgZ (V (X)) −→ dg (PerfZ(X)) is a duality preserving morphism 
of pointed dg categories with weak equivalences and duality. Here the duality on V (X)
is given by F �→ Hom (F ,L ), and duality on right hand side is as in (34).

Further, the functor

T (dgZ (V (X))) −→ T (dg (PerfZ(X)))

of the associated triangulated categories, is a duality preserving equivalence.
2. The inclusion β : dg

(
CMZ(X)

)
−→ T k (dg (PerfZ(X))) is a duality preserving 

morphism, of pointed dg categories with weak equivalences and duality, where T de
notes the shift. The duality on dg

(
CMZ(X)

)
is induced by (32).

Further, assume that Z has structure of a complete intersection subscheme, as in 
(2.1). Then the functor
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T
(
dg
(
CMZ(X)

))
−→ T kT (dg (PerfZ(X)))

of the associated triangulated categories is a duality preserving equivalence.

Proof. First, for F• ∈ Chb(V ) the map Hom (F•,L ) ∼ −→ Hom (F•,L I•) is a quasi 
isomorphism. By definition, ζ preserves duality. Now, we have the associated triangulated 
categories

{
T (dgZ (V (X))) = Db

Z(V (X)
T (dg (PerfZ(X))) = DZ (Perf(X))

In fact, the natural inclusion functor D (V (X)) ∼ −→ D (Perf(X)) is an equivalence, 
by [19, Lem 3.8], [17, Prop 3.4.8]. Restricting this equivalence, to the complexes with 
support on Z, we obtain that

DZ (V (X)) −→ DZ (Perf(X))

is an equivalence. This completes the proof of (1).
Now we proceed to prove (2). We use the generic notation ∨ to denote the dualities, 

for all categories. First, we prove that β preserves duality. For F• ∈ Chb
(
CMZ(X)

)
, its 

dual is given as follows:

F∨
• : deg = n

· · · Extk (F−n−1,L ) Extk (F−n,L ) Extk (F−n+1,L ) · · ·

We are required to prove that

F∨
•

∼ −→ Hom (F•,L I•) is a quasi isomorphism

Since Fi ∈ CMZ(X) ⊆ CMk(X), we have k = grade (Fi) = dimV (X) Fi. Therefore

E xtr (Fi,L ) = 0 ∀i and r �= k

With this summary, for F• ∈ Chb
(
CMZ(X)

)
, we obtain the double complex:
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deg = −n

0 0 0

· · · Extk (Fn−1,L ) Extk (Fn,L ) Extk (Fn+1,L ) · · ·

· · · Hom (Fn−1,L I−k) Hom (Fn,L I−k) Hom (Fn+1,L I−k) · · ·

· · · Hom
(
Fn−1,L I−(k+1)

)
Hom

(
Fn,L I−(k+1)

)
Hom

(
Fn+1,L I−(k+1)

)
· · ·

· · · Hom
(
Fn−1,L I−(k+2)

)
Hom

(
Fn,L I−(k+2)

)
Hom

(
Fn+1,L I−(k+2)

)
· · ·

· · · · · · · · ·

Again, since Fn ∈ CMZ(X) and k = grade(Z,X), all the vertical lines above are exact. 
From this double complex, we obtain a natural transformation:

β (F∨
• ) β (F•)∨ =: Hom (F•,I•)

which is a quasi isomorphism. This establishes that β preserves duality. Further, the 
associated triangulated categories{

T
(
dg
(
CMZ(X)

))
= Db

(
CMZ(X)

)
T (dg (PerfZ(X))) = T kDZ (Perf(X))

Now we have a commutative diagram of functors:

Db
(
CMZ(X)

) ∼

∼

T kDb
Z (V (X))




T kDZ (Perf(X))

When Z is complete intersection the horizontal arrow is an equivalence by (3.12). The 
vertical arrow is also an equivalence by (1). This completes the proof of (2). �
5.1. Homotopy fibrations of GW theory bi-spectra BiSp

Now we state the equivalence theorem of GW -theory bi-Spectra. Refer to section B, 
C for notations and definitions on GW -theory, spectra and bispectra. For a dg cat
egory A = (A , q,∨ , �) with duality and weak equivalences, the GW bispectrum 
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GW (A ) ∈ BiSp takes values in the category BiSp of bi-spectra (see §B.3). The GW
groups GW

[n]
p (dgE ) are defined as the homotopy groups ∀n, p ∈ Z. Similar notations 

are used for exact categories with duality and weak equivalences (see §B).

Theorem 5.5. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). Let Z ⊆ X be a closed subset, with a structure of a complete intersection 
subscheme, as in (2.1), and grade(Z,X) = k. We also fix an invertible sheaf L on X. 
We assume 1/2 ∈ A. Then the following zig-zag sequence

GW [r] (dgCMZ(X)
)

∼ GW [r+k] (dg (PerfZ(X))) GW [r+k] (dgZV (X))∼

are stable homotopy equivalences in the category BiSp of bispectra, ∀r ∈ Z. Consequently, 
the GW -theory groups

GW [r]
p

(
dgCMZ(X)

) ∼ = GW [r+k]
p (dgZV (X)) are isomorphic ∀ r, p ∈ Z.

Proof. Follows directly from Theorem 5.4, and [16, Thm 8.9], [10, pp 466]. The proof is 
complete. �

Now we are ready to state the theorem on homotopy fibration of GW -bispectra.

Theorem 5.6. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). Let Z ⊆ X be a closed subset, with a complete intersection subscheme 
structure, as in (2.1), with grade(Z,X) = k and let U = X−Z. We also fix an invertible 
sheaf L on X. We assume 1/2 ∈ A. Then the sequence

GW [r] (dgCMZ(X)
)

GW [r+k] (dgV (X)) GW [r+k] (dgV (U)) (36)

is a homotopy fibration in the category BiSp of bispectra ∀r ∈ Z. The first map here is 
the zig-zag map given in (5.5). Consequently, there is a long exact sequence

· · · GW
[r]
p

(
dg
(
CMZ(X)

))
GW

[r+k]
p (dgV (X)) GW

[r+k]
p (dgV (U))

GW
[r]
p−1
(
dg
(
CMZ(X)

))
· · · ∀p, r ∈ Z

(37)

Proof. Consider the sequence of dg categories with dualities and weak equivalences (quasi 
isomorphism)

dg
(
CMZ(X)

)
T kdgV (X) T kdgV (U)
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The corresponding sequence of associated triangulated categories is as follows:

Db
(
CMZ(X)

)
T kDb (V (X)) T kDb (V (U))

This sequence is exact up to factor (direct summand), by [17, Prop A.4.7], because 
Db
(
CMZ (V (X))

) ∼ −→ Db
Z(V (X)) is an equivalence by (3.12). Now the proof follows 

from [16, Theorem 8.10] that the sequence (36) is a homotopy fibration in BiSp. The 
proof is complete. �
Remark 5.7. Let A be a commutative ring and E := (E ,∨ , �) be a A-linear exact 
category with duality. Assume 1/2 ∈ A. For the purpose of making statements on GW
bispectrum of E , we defined GW (E ) ∈ BiSp directly, in section B, without any reference 
to the definition of GW (dgE ) ∈ BiSp as a dg category. Our sense of esthetics and com
pleteness of the theory demands this. Refer to section B for further discussions. We point 
out that two GW bispectra{

GW (E ) := GW (E )+ := GW (E ,∨ , �)
GW (E )− := GW (E ,∨ ,−�)

∈ BiSp

are defined, while GW [n] (dgE ) ∈ BiSp has four periodicity.

Now, we interpret Theorem 5.5 the above in terms of GW -bispectrum of exact cate
gories.

Theorem 5.8. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). Let Z ⊆ X be a closed subset, and grade(Z,X) = k, with structure of 
a complete intersection subscheme. We also fix an invertible sheaf L on X. We assume 
1/2 ∈ A. Then the following{

GW
(
CMZ(X)

) ∼ = GW [k] (dgZV (X))
GW

(
CMZ(X)

)− ∼ = GW [k+2] (dgZV (X))
are stable equivalences in BiSp

of zig-zag maps.

Proof. Follows from (5.5), with r = 0, 2. The proof is complete. �
The following is reinterpretation of (5.6), for even shifts.

Theorem 5.9. Suppose X is a quasi projective scheme over Spec (A). Use other notations, 
as in (C.1, C.2). Let Z ⊆ X be a closed subset, with structure of a complete intersection 
subscheme, as in (2.1), grade(Z,X) = k. Write U = X − Z. We also fix an invertible 
sheaf L on X. We assume 1/2 ∈ A. Then the sequences
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GW
(
CMZ(X)

)
GW (V (X)) GW (V (U)) in case k = 0 mod 4

GW
(
CMZ(X)

)
GW (V (X))− GW (V (U))− in case k = 2 mod 4

GW
(
CMZ(X)

)−
GW (V (X))− GW (V (U))− in case k = 0 mod 4

GW
(
CMZ(X)

)−
GW (V (X)) GW (V (U)) in case k = 2 mod 4

(38)
are homotopy fibration in the category BiSp of bispectra. Consequently, the long exact 
sequences of the GW groups, corresponding to (38) can be written down.

Proof. Follows from (5.6), by taking r = 0, 2. See Definition Remark B.5 and equation 
(52). The proof is complete. �
6. Applications

Localization theorems, such as Theorems 4.1, 5.5, 5.9, usually would have some con
sequences. In this section, we list some of them. Usually, we consider only idempotent 
complete the exact categories E and exact categories with duality (E ,∨ , �). For such 
idempotent complete exact categories E , we use the notations:{

Ki (E ) =: Kn (E ) ∀i ≥ 0
GW

[n]
i (dgE , q,∨ , �) =: GW

[n]
i (dgE , q∨, �) ∀i ≥ 0, n ∈ Z

where q denotes the subcategory of quasi isomorphisms. First, we state the application 
to the punctured schemes.

Theorem 6.1. Let (A,m) be a Cohen Macaulay local ring and X = Spec (A), Z = V (m)
and U = X − Z. Assume 1/2 ∈ A and write d = dimA. Then the sequence

K
(
CMZ(X)

)
K(V (X)) K(V (U)) in Sp

is a homotopy fibration. Consequently, there is a long exact sequence of K-groups. Fur
ther,

Kr

(
CMZ(X)

)
=
{

Kr

(
CMZ(X)

)
∀r ≥ 0

0 otherwise

Consequently,

∀r ≤ −1 the map Kr (V (X)) ∼ −→ Kr (V (U)) is an isomorphism.

In particular, if U is regular (i.e. A is regular in codimension d− 1) then
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Kr (V (X)) = 0 ∀r ≤ −1

Proof. Let d = dim(A). Note Z = V (f1, . . . , fd) is complete intersection. Now, the first 
statement is an immediate consequence of the localization Theorem 4.1 of K-theory 
spectra. Note, CMZ(X) represents the category of A-modules, with finite length and 
finite projective dimension. Further note that CMZ(X) is a noetherian abelian category. 
Now it follows from [18, Thm 7] that

∀r ≤ −1 Kr

(
CMZ(X)

)
= 0

Now, it follows from the long exact sequence that Kr (V (X)) ∼ = Kr (V (U)) ∀r ≤ −1. If 
U is regular then Kr (V (U)) = 0 ∀r ≤ −1 [17, pp 182]. So, the last statement follows. 
The proof is complete. �

The above (6.1) can be improved, as follows.

Theorem 6.2. Let X be a quasi projective scheme over a noetherian a˙ine scheme 
Spec (A). Let Z = {m1,m2, . . . ,m�} ⊆ X be finite set of closed points. Further, as
sume that Z has structure of a complete intersection subscheme (2.1) and U = X − Z. 
Then the sequence

K
(
CMZ(X)

)
K(V (X)) K(V (U)) in Sp

is a homotopy fibration. Consequently, there is a long exact sequence of K-groups. Fur
ther,

Kr

(
CMZ(X)

)
=
{⊕�

i=1 Kr

(
CMV (mi) (Spec (OX,mi

))
)

∀r ≥ 0
0 otherwise

(39)

Consequently,

∀r ≤ −1 the map Kr (V (X)) ∼ −→ Kr (V (U)) is an isomorphism.

In particular, if U is regular, then

Kr (V (X)) = 0 ∀r ≤ −1

Proof. Note that CMZ(X) is a noetherian abelian category. Now, there is an equivalence 
Ψ : CMZ(X) ∼ −→

∏
i CMV (mi)(X). To define Ψ let M ∈ CMZ(X). For i = 1, . . . , �

define Mi ∈ MV (mi)(X), as follows{
(Mi)|X−{m1,...m̂i...,m�} = M|X−{m1,...m̂i...,m�}
(Mi)|X−{mi} = 0

Define Ψ(M) = (M1, . . . ,M�) (40)
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The inverse functor is defined by direct sum. Finally, there are equivalences

Φ : CMV (mi) (X) ∼ −→ CMV (mi) (Spec (OX,mi
)) M �→ Mmi

(41)

Now the proof is completed, as in the proof of (6.1). The proof is complete. �
Remark 6.3. If m := mi is a regular point, then the equation can be further simplified, 
as follows. Suppose (A,m, κ) is a regular local ring. Then by Dévissage theorem [10, pp 
111]

KrCMV (m) (Spec (A)) =
{

Kr (κ) r ≥ 0
0 r ≤ −1

We leave it to the reader to write a GW -version of (6.1). However, negative GW

groups noetherian abelian categories do not necessarily vanish, as in K-theory. We write 
down the GW -version of (6.2), as follows.

Theorem 6.4. Let X be a quasi projective scheme over a noetherian a˙ine scheme 
Spec (A), with 1/2 ∈ A. Let Z = {m1,m2, . . . ,m�} ⊆ X be finite set of closed points. 
Further, assume that Z has structure of a complete intersection subscheme, as in (2.1), 
with d = grade(Z,X) and U = X − Z. Then ∀r ∈ Z, the sequence

GW [r](dgCMZ(X)
)

GW [r+d](dgV (X)) GW [r+d](dgV (U)) in BiSp
(42)

is a homotopy fibration in BiSp. Further,

GW [r] (dgCMZ(X)
) ∼ −→

� ∏
i=0

GW [r]
(
dgCMV (mi) (Xmi

)
)

(43)

is a stable equivalence in BiSp, where Xmi
= Spec (OX,mi

).
Consequently, the sequence (42), leads to long exact sequences of GW -groups. Further, 

one can reinterpret (42) in terms of GW -spectra of the exact categories, as in (38), which 
we skip.

Proof. Same as the proof of (6.2), while we use the Theorem 5.6. Also note that the func
tors Ψ and Φ (40), (41) are duality preserving equivalences. The proof is complete. �

When the points mi in (6.4) are regular, the Dévissage theorems for GW -groups 
or bispectrum apply [9]. Thus the groups GW

[r]
n

(
CMV (mi) (Spec (OX,mi

))
)

have better 
descriptions, as follows.

Theorem 6.5. Let (R,m, κ) be a noetherian regular local ring, X = Spec (R), Z = V (m), 
d = dimR. Note CMZ (X) is the category of R-modules M with finite length (and 
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dimV (X) M = d). Then CMZ (X) has a natural duality M∨ = Extd (M,R). Let �
denote the double dual identification in CMZ (X). As usual, V (κ) denotes the category of 
finite dimensional κ-vector spaces. Note V (κ) also has a natural duality, defined by M∨ =
Hom (M,κ). Let e denote the double dual identification in V (κ), given by evaluation. 
Then there is a natural equivalence, of bi spectra:

GW [n] (dgCMZ(X), q,∨ , �
) ∼ = GW [n] (dgV (κ), q,∨ , e) ∀n ∈ Z.

Here, on left side, � continues to denote the double dual identification induced by �, 
and q denotes quasi isomorphism. We write{

W (κ) = W (V (κ),∨ , e) W (κ)− = W (V (κ),∨ ,−e)
GWp(κ) = GWp (V (κ),∨ , e) GWp(κ)− = GW (V (κ),∨ ,−e)

Consequently,

GW [n]
p

(
dgCMZ(X),∨ , q, �

) ∼ = 

⎧⎪⎪⎪⎨⎪⎪⎪⎩
W (κ) p ≤ −1, n− p− d = 0 mod 4
0 p ≤ −1, n− p− d = 1, 2, 3 mod 4
GWp(κ) n = 0 mod 4, p ≥ 0
GWp(κ)− n = 2 mod 4, p ≥ 0

For p ≥ 0 and n = 2m + 1 odd, we have an exact sequence (see [9]).

Proof. See [9]. �
The following is an immediate corollary.

Corollary 6.6. Consider the setup and hypotheses of (6.5). Then

GWp

(
CMZ(X),∨ , �

) ∼ = 

⎧⎪⎨⎪⎩
W (κ) p ≤ −1, p + d = 0 mod 4
0 p ≤ −1, p + d = 1, 2, 3 mod 4
GWp(κ) p ≥ 0

and

GWp

(
CMZ(X),∨ , �

)− ∼ = 

⎧⎪⎨⎪⎩
W (κ) p ≤ −1, p + d = 2 mod 4
0 p ≤ −1, p + d = 1, 2, 3 mod 4
GWp(κ)− p ≥ 0

Proof. Follows from (6.5) and section B. �
The following is the exact category version of (6.4).
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Corollary 6.7. Under the hypothesis of (6.4), the following sequences:

⎧⎪⎨⎪⎩
GW

(
CMZ(X)

)
GW (V (X)) GW (V (U)) r = 0, d = 0 mod 4

GW
(
CMZ(X)

)
GW (V (X))− GW (V (U))− r = 0, d = 2 mod 4

are stable homotopy fibration in BiSp.
Now assume that mi are regular points, and let κ(mi) denote the residue field of mi. In 

the first case, r = 0 and d = 0 mod 4, it follows from the exact sequence of GW -groups 
that

1. The long exact sequence of non negative groups terminates as follows, at degree zero:

· · ·
⊕�

i=1 GW0(κ(mi)) GW0(V (X)) GW0(V (U)) 0

2. We have isomorphisms of groups

⎧⎨⎩ GW−1−4n(V (X)) ∼
GW−1−4n(V (U))

GW−2−4n(V (X)) ∼
GW−2−4n(V (U))

∀n ≥ 0

3. There are exact sequences

0 GW−3−4n(V (X)) GW−3−4n(V (U))

⊕�
i=1 W (κ(mi)) GW−4−4n(V (X)) GW−4−4n(V (U)) 0

∀n ≥ 0.

Similar analysis is possible in other case.

Proof. Follows from (6.4) and the descriptions in (6.6). �
The following is another example exploiting regularity.

Example 6.8. Let X be a quasi projective scheme over a noetherian a˙ine scheme 
Spec (A). Let U ⊆ X be an open subset of X, and Z = X − U has structure of a 
complete intersection subscheme, as in (2.1). Assume that U is regular. Then

Kp

(
CMZ(X)

) ∼ = Kp (V (X)) ∀p ≤ −2

and the long exact sequence on the left terminates at the term K−1(V (X)).
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Proof. By the localization Theorem 4.1, the sequence

K
(
CMZ(X)

)
K(V (X)) K(V (U)) in Sp

is a homotopy fibration, of K-theory spectra. By [18, Thm 7], we have Kk(V (U)) =
Kk(Coh(U)) = 0 ∀k ≤ −1. The rest follows from the long exact sequence. �

We use Theorem 5.9 to obtain a GW analogue of Example 6.8.

Example 6.9. Let X be a quasi projective scheme over a noetherian a˙ine scheme 
Spec (A). Let U ⊆ X be an open subset of X. Assume Z = X−U has structure of a com
plete intersection subscheme, as in (2.1). Assume that U is regular and grade(Z,X) = k. 
Also, let L be a fixed line bundle on X and 1/2 ∈ A. Then corresponding to each of the 
four homotopy fibrations in (38), we obtain an exact sequence of GW groups. We only 
write down the exact sequence corresponding to the first homotopy fibration in (38), 
which applies when k = 0 mod 4, as follows:

· · · GW0
(
CMZ(X)

)
GW0(V (X)) GW0(V (U))

GW−1
(
CMZ(X)

)
GW−1(V (X)) W 1(V (U))

GW−2
(
CMZ(X)

)
GW−2(V (X)) W (V (U))−

GW−3
(
CMZ(X)

)
GW−3(V (X)) W 3(V (U))

GW−4
(
CMZ(X)

)
GW−4(V (X)) W (V (U))

· · ·

Proof. We consider the case k = 4k0 only. We start with the homotopy fibration

GW
(
CMZ(X)

)
GW (V (X)) GW (V (U))

All the non negative groups are the homotopy groups of the GW -spaces [10, 450, 466]. 
Note Kp (V (U)) = 0 ∀p ≤ −1. It follows from this that [16, pp 1805]
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GWp(V (U)) ∼ = GWp(V (U)) ∼ = GWp(V (U)) ∀p ≤ −1

Therefore ∀p ≤ −1 we have

GWp(V (U)) ∼ = GWp(dgV (U)) ∼ = W−p(V (U)) =
{

W (V (U)) if p = 0 mod 4
W (V (U))− if p = 2 mod 4

The proof is complete. �
Thomason [19] considered the K-theory of perfect complexes, and likewise Schlichting 

[17,16] considered GW -theory of perfect complexes. We differ from [19,17,16] in that we 
grind down the theory to the level of exact subcategories of Coh(X) (see Example 1.4). 
For notations Perf(X) and PerfZ(X) refer to (C.1). Notationally, we denote Thomason 
K theory by K (Perf(X)) and likewise, to distinguish them from our theory on exact 
categories.

Theorem 6.10 (Agreement). Let X be a quasi projective scheme over a noetherian a˙ine 
scheme Spec (A), U ⊆ X be open and Z = X − U . Assume that Z has structure of 
a complete intersection subscheme, as in (2.1). Then the natural degree zero inclusion 
CMZ(X) −→ PerfZ(X) induces, a homotopy equivalence:

K
(
CMZ(X)

) ∼ −→ K (PerfZ(X)) in Sp.

Proof. We have commutative diagram

K
(
CMZ(X)

)
K(V (X)) K(V (U))

K(PerfZ(X)) K(Perf(X)) K(Perf(U))

of Homotopy fibration. For the lower fibration see [19,17] or [10, pp 411], and the upper 
fibration is an application of (4.1). It is known that the 2nd and 3rd vertical maps are ho
motopy equivalence (see [19,17] or [10, pp 410]. Now one can write down the commutative 
diagram of the homotopy groups and use Five Lemma. The proof is complete. �

Schlichting [16, pp 1804] considers GW -theory of dgV (X) (denoted by sPerf(X) in 
[16]). We have a GW -bispectra analog to (6.10).

Theorem 6.11 (Agreement). Let X be a quasi projective scheme over a noetherian a˙ine 
scheme Spec (A), U ⊆ X be open and Z = X −U . Assume 1/2 ∈ A and Z has structure 
of a complete intersection subscheme, as in (2.1), with k = grade(Z,X). Let n ∈ Z, and 
L be a line bundle on X. Then the natural map
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GW [n−k] (dgCMZ(X), q,∨ , �
) ∼ −→ GW [n] (dgZV (X), q,∨L , �

)
in BiSp

is a stable homotopy equivalence in the category BiSp of bispectra. Here, on dgCMZ(X), 
the duality ∨ is induced by M �→ Extk(M,L) and on dgV (X) the duality is induced by 
P �→ Hom(M,L). Further, on both sides, � denotes the double dual identifications, and 
q denotes quasi isomorphisms. Further, there are equivalences in BiSp, as follows

GW [n] (dgZV (X)) ∼ = 

{
GW

(
CMZ(X),∨ , �

)
in case n− k = 0 mod 4

GW
(
CMZ(X),∨ , �

)−
in case n− k = 2 mod 4

∀n ∈ Z

Here on right side, the duality on the exact categories is given by M �→ E xtk (M,L).

Proof. The latter part follows from former, using discussion in section B. To prove the 
first part, consider the commutative diagram

GW [n−k](dgCMZ(X)
)

GW [n](dgV (X)) GW [n](dgV (U))

GW [n](dgZV (X)) GW [n](dgV (X)) GW [n](dgV (U))

of Homotopy fibration in BiSp. The top left map here is the zig-zag map given in (5.5). 
The upper fibration follows from (5.5), and the lower fibration follows from [16, pp 1807]. 
The 2nd and 3rd vertical maps are identity. Hence the first vertical map is a homotopy 
equivalence in BiSp. The proof is complete. �

The Excision and Mayer-Vietories theorems would be routine consequence, as follows.

Theorem 6.12 (Excision). Let X be a quasi projective scheme over a noetherian a˙ine 
scheme Spec (A). Let V ⊆ X be an open subset, and Z ⊆ X be a closed subset such that 
Z ⊆ V . Assume that Z has structure of a complete intersection subscheme, as in (2.1). 
Then the restriction map

K
(
CMZ(X)

)
−→ K

(
CMZ(V )

)
in Sp

is a homotopy equivalence of spectra. Consequently, the induced maps

Kp

(
CMZ(X)

) ∼ −→ Kp

(
CMZ(V )

)
are isomorphisms ∀p ∈ Z.

Proof. One can use the Agreement Theorem 6.10, and refer to the Excision theorem [17, 
Thm 3.4.10]. For a more direct proof, note that by agreement and equivalence theorems 
[10, pp 409], we are reduced to proving that the restriction functor of derived categories 
Db
(
CMZ(X))

) ∼ −→ Db
(
CMZ(V ))

)
is an equivalence. However, the functor
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CMZ(X) −→ CMZ(V ) is an equivalence, in fact, is a bijection.

The inverse functor is given by extending M ∈ CMZ(V ) by zero, on X − Z. The proof 
is complete. �

Same proof leads to a GW -analogue of (6.12).

Theorem 6.13 (Excision). Let X be a quasi projective scheme over a noetherian a˙ine 
scheme Spec (A). Let V ⊆ X be an open subset, and Z ⊆ X be a closed subset such 
the Z ⊆ V . Assume 1/2 ∈ A and L is a line bundle on X. Further assume that Z has 
structure of a complete intersection subscheme, as in (2.1). Then the restriction map

GW [n] (dgCMZ(X),L
)
−→ GW [n] (dgCMZ(V ),L|V

)
in BiSp

is a homotopy equivalence in the category BiSp of bispectra. Consequently, the induced 
maps

GW [n]
r

(
dgCMZ(X),L

) ∼ −→ GW [n]
r

(
dgCMZ(V ),L|V

)
are isomorphisms ∀n, r ∈ Z.

Here on either side, with k = grade(Z,X), the duality is given by{
M∨ = E xtk (M,L) M ∈ CMZ(X)
M∨ = E xtk

(
M,L|V

)
M ∈ CMZ(V )

Proof. Again the map CMZ (X) −→ CMZ (V ) is an equivalence (In fact, a bijection). 
Hence the induced functor Db

(
CMZ (X)

)
−→ Db

(
CMZ (V )

)
is a duality preserving 

equivalence. Therefore, the proof is complete by the Invariance theorem [16, pp 1800], 
[10, pp 466]. �

The following are exact category version of the above (6.13).

Corollary 6.14 (Excision). Consider the setup and the hypotheses of (6.13), then the 
following maps{

GW
(
CMZ(X)

)
−→ GW

(
CMZ(V )

)
GW

(
CMZ(X)

)− −→ GW
(
CMZ(V )

)− in BiSp

are homotopy equivalences in BiSp.

Proof. Immediate from (6.13), by taking n = 0, 2. The proof is complete. �
The Mayer-Vietories Theorem is, in fact, a routine consequence of excision theorem. 

So, as a consequence of (6.12), we obtain the following.
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Theorem 6.15 (Mayer-Vietoris). Let X be a quasi projective scheme over a noetherian 
a˙ine scheme Spec (A), and let X = U ∪ V be an open cover. Assume Z = X − U has 
structure of a complete intersection subscheme, as in (2.1). Then the diagram

K(V (X)) K(V (U))

K(V (V )) K(V (U ∩ V ))

is a cartesian square in the category Sp of spectra.

Consequently, there is a long exact sequence

· · · Kn(V (X)) Kn(V (U))
⊕

Kn(V (V )) Kn(V (U ∩ V ))

Kn−1(V (X)) · · · ∀n ∈ Z

of K-groups.

Proof. Write Z = X − U = V − U ∩ V ⊆ V . Consider the diagram

K(CMZ(X))




K(V (X)) K(V (U))

K(CMZ(V )) K(V (V )) K(V (U ∩ V ))

in Sp.

Both the horizontal lines are homotopy fibrations in Sp, by Theorem 4.1. The 1st vertical 
map is an isomorphism in Sp, by Excision Theorem 6.12. This completes the proof that 
the given square is cartesian. The long exact sequence above is established routinely, by 
comparing two exact sequences:

Kn(CMZ(X))




Kn(V (X)) Kn(V (U)) Kn−1(CMZ(X))




Kn(CMZ(V )) Kn(V (V )) Kn(V (U ∩ V )) Kn−1(CMZ(V ))

The proof is complete. �
The same proof of (6.15) gives a Mayer-Vietories theorem for GW theory, as follows.

Theorem 6.16 (Mayer-Vietoris). Let X be a quasi projective scheme over a noetherian 
a˙ine scheme Spec (A), and let X = U ∪ V be an open cover. Assume 1/2 ∈ A and 
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L be a line bundle on X. Assume Z = X − U has structure of a complete intersection 
subscheme, as in (2.1). Then the diagram

GW [n](dgV (X),L) GW [n](dgV (U),L|U )

GW [n](dgV (V ),L|U ) GW [n](dgV (U ∩ V ),L|U∩V )

in BiSp

is a cartesian square in the category BiSp of bispectra ∀n ∈ Z. Consequently, there are 
long exact sequences ∀n ∈ Z of GW -groups (we ignore to include the L-coordinate):

· · · GW
[n]
p (V (X)) GW

[n]
p (V (U))

⊕
GWn(V (V ))

GW
[n]
p (V (U ∩ V )) GW

[n]
p−1(V (X)) · · ·

Proof. Write Z = X−U = V −U ∩V ⊆ V , and k = grade(Z,X). Consider the diagram

GW [n](dgCMZ(X))




GW [n](dgV (X)) GW [n](dgV (U))

GW [n](dgCMZ(V )) GW [n](dgV (V )) GW [n](dgV (U ∩ V ))

Both the horizontal lines are homotopy fibrations in BiSp, by Theorem 5.5. The 1st
vertical map is an isomorphism in BiSp, by Excision Theorem 6.13. This completes the 
proof that the given square is cartesian. Again, the exact sequences are established by 
routine methods. The proof is complete. �

The following is the exact category version of (6.16).

Theorem 6.17 (Mayer-Vietoris). Consider the setup and the hypotheses of (6.16). With 
δ = +,−, the diagrams

GW (V (X),L)δ GW (V (U),L|U )δ

GW (V (V ),L|U )δ GW (V (U ∩ V ),L|U∩V )δ

in BiSp

are cartesian square in the category BiSp of bispectra. Consequently, there are long exact 
sequences ∀p ∈ Z of GW -groups (with δ = +,−):
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· · · GWp(V (X))δ GWp(V (U))δ
⊕

GWp(V (V ))δ GWp(V (U ∩ V ))δ

GWp−1(V (X))δ · · ·

Proof. Follows from (6.16), with n = 0, 2. The proof is complete. �
Appendix A. Grade and annihilator of coherent modules

While grade of coherent modules over a˙ine schemes are fairly standard, in this section, 
we discuss grade of coherent modules over quasi projective schemes. First, we recall the 
definition of grade and summarize the basics on the same from [8, pp. 103].

Definition A.1. Suppose A is a noetherian ring, X = Spec (A) and M ∈ Coh(A).

1. Define

grade(M) = inf {r : Extr(M,A) �= 0}

Consequently, for an ideal I, define

grade

(
A

I

)
= inf

{
r : Extr

(
A

I
,A

)
�= 0
}

(44)

Sometimes, one writes

grade(I) := grade

(
A

I

)
This is not to be confused with the grade of I, as an A-module, which would be zero 
if I contains a non zero divisor.

2. It follows, for M ∈ Coh(A) and I = Ann(M), we have

grade(M) = depthI(A) = grade

(
A

I

)
(45)

3. It is obvious from definition

grade(M) ≤ dimV (X)(M)

Corollary A.2. For an ideal I of A, we have

grade(I) = grade
(√

I
)
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Proof. Let r = grade(I) and s = grade
(√

I
)
. First, r = depthI(A) ≤ depth√

I(A) = s. 
If a1, . . . as ∈

√
I is a regular sequence then so is am1 , . . . ams ∈ I for m � 0, [8, Thm 26, 

pp. 96]. So, s ≤ r. So, s = r. The proof is complete. �
We define grade of a closed subset of Spec (A).

Definition A.3. Let A be a noetherian ring, and X = Spec (A) Let Z = V (I) ⊆ X be a 
closed subset. Define

grade(Z,X) = grade(I) = grade

(
A

I

)
By (A.2), it is well defined and is independent of the choice of I.

We record the following non local version of [8, pp. 108, Thm 31].

Lemma A.4 (pp. 108, Thm 31 [8]). Suppose A is a Cohen Macaulay ring (non local) and 
M ∈ Coh(A). Then

grade(M) = height(I) where I = Ann(M).

Subsequently, we wish to make some sense out of the idea of annihilators of coherent 
sheaves.

Definition A.5. Let X be a noetherian scheme and F ∈ Coh(X). Define the annihilator

ann(F )(U) = {t ∈ Γ (U,OX) : t · Γ (U,F ) = 0} ⊆ Γ (U,OX)

The definition makes sense. However, ann(F ) does not seem to make sense, as a 
(pre)sheaf of ideals. This is because the restriction maps Γ (U,OX) −→ Γ (V,OX) may 
not give a restriction map on ann (F ).

It is a standard fact that it makes sense when X = Spec (A) is a˙ine. Consequently, 
in a noetherian scheme X, on the a˙ine pieces, Ui = Spec (Ai) = Spec (Γ (Ui,OX)) and 
Mi = Γ (Ui,F ) the annihilators Ii = ann(Mi) make sense.

Subsequently, we prove that ann(F ) makes sense when X is quasi projective.

A.1. (Quasi) projective schemes

Lemma A.6. Suppose Y = Proj (S) with S = A[x0, x1, . . . , xN ] and deg(xi) = 1. Assume 
A is noetherian. Let F ∈ Coh(Y ) and F = M̃ for some finitely generated graded S
module M . (Refer to [5, §II.5, pp116] for this M̃ construction.) Let I = ann(M). Then 
Ĩ = ann(F ).
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Proof. First we need to prove that ann(F ) is a sheaf. From the a˙ine case it is clear 
that ann(F )|D(g) = ˜︂ann

(
M(g)

)
∀ g homogeneous. Now suppose V ⊆ U . We need to 

give a map

ann
(
F|U
)
−→ ann

(
F|V
)

First assume V =Spec
(
S(f)
)
, for some homogeneous f ∈ S. Write U=

⋃n
i=1 Spec

(
S(gi)

)
. 

There are maps{
S(gi) −→ S(fgi)
M(gi) −→ M(fgi)

=⇒
{

ann
(
M(gi)

)
−→ ann

(
M(fgi)

)
sending a 

gk
i
�→ a 

gk
i

with deg(a) = deg(gki )

In deed, the commuting square

ann
(
M(gi)

)
ann

(
M(fgi)

)

S(gi) S(fgi)

=⇒

ann (F )|D(gi) ann (F )|D(fgi)

O|D(gi) O|D(fgi)

commutes.

Let λ ∈ ann
(
F|D(gi)

)
. It follows λ|D(fgi) ∈ ann

(
F|D(fgi)

)
∀i. So, given m ∈ Γ (U,F )

we have (λ ·m)|D(fgi) = 0∀i. So, λ|D(f) ∈ ann
(
F|D(f)

)
. These patch to give a map

ann
(
F|U
)
−→ ann

(
F|D(f)

)
(46)

Now suppose V =
⋃t

j=1 D(fj). Given λ ∈ ann (Γ(U,F )) and m ∈ Γ(V,F ), it follows 
from above that (λ · m)|D(fj) = 0 ∀j. So, (λ · m)|V = 0. So, the map Γ (U,OX) −→
Γ (V,OX) restricts, as follows:

ann(Γ(U,F )) ann(Γ(V,F ))

Γ(U,OX) Γ(V,OX)

So, ann(F ) ⊆ OX is an ideal sheaf. Now consider the natural map

ι : Ĩ −→ ann (F ) .
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It follows from the a˙ine case that the restriction ι|D(g) is an isomorphism, for all homo
geneous g ∈ S. The proof is complete. �
Corollary A.7. Suppose Y = Proj (S) with S = A[x0, x1, . . . , xN ] and deg(xi) = 1. As
sume A is noetherian. Let X ⊆ Y be open and F ∈ Coh(X). Let G := M̃ ∈ Coh(Y ) be 
an extension of F (see [5, Ex II.5.15]) and I = ann(M). Then ann(F ) = Ĩ|X .

Proof. Follows from (A.6). �
Definition A.8. Let X be a noetherian scheme and F ∈ Coh(X). Define

grade(F ) = inf {r : E xtr (F ,OX) �= 0}

Proposition A.9. Suppose Y = Proj (S) with S = A[x0, x1, . . . , xN ] and deg(xi) = 1. 
Assume A is noetherian. Let X ⊆ Y be open, F ∈ Coh(X) and G = M̃ where M
is a finitely generated graded S-module, such that G|X = F (see [5, Ex II.5.15]). Let 
I = ann(M) and I = Ĩ = ann(G ) ⊆ OY . Then

grade(F ) = grade

((
OY

I

)
|X

)
= grade

(
OX

annF

)

Proof. First note that, for any E ,G ∈ Coh(X) we have (see [5, Prop III.6.8])

E xti (E ,G)x = Exti (Ex,Gx) ∀x ∈ X, i ≥ 0.

Therefore,

grade(F ) = inf {grade (Fy) : y ∈ V (I) ∩X}
= inf

{
grade

(OY

I

)
y

: y ∈ V (I) ∩X
}

= grade
((OY

I

)
|X

)
This middle equality follows from (45). �
Proposition A.10. Suppose Y = Proj (S) with S = A[x0, x1, . . . , xN ] and deg(xi) = 1. 
Assume A is noetherian. Let X ⊆ Y be open and F ∈ Coh(X). Let G = M̃ where M
is a finitely generated graded S-module, such that G|X = F (see [5, Ex II.5.15]). Let 
I = ann(M) and I = Ĩ = ann(G ) ⊆ OY . Then the following are equivalent:

1. grade(F ) ≥ r.
2. There is a sequence f1, f2, . . . , fr ∈ I, of homogeneous elements, such that they induce 

a regular sequence on X. (This can be read as, if ℘ ∈ X and xi / ∈ ℘, then

f1

x
deg(f1)
i

,
f2

x
deg(f2)
i

, . . . ,
fr

x
deg(fr)
i
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is a S(℘)-regular sequence.)

Proof. ((2) =⇒ (1):) it follows from (2) and (Equation (45)) that grade(Fx) =
depthIxS(℘) ≥ r and hence Exti (Fx,Ox) = 0 ∀x ∈ X, i ≤ r − 1. So, E xti(F ,OX) =
0 ∀i ≤ r − 1. Hence grade(F ) ≥ r. So, (1) is established.
((1) =⇒ (2):) Suppose f1, f2, . . . , fp ∈ I is a sequence of homogeneous elements, with 
p ≤ r − 1, that induce a S(℘)-regular sequence. Let J = (f1, f2, . . . , fp). Let

Ass

(
S

J

)
∩X = {℘1, . . . , ℘q}

Suppose I ⊆
⋃q

i=1 ℘i. Then I ⊆ ℘ = ℘i. Then I(℘) ⊆ ℘S(℘). Assume x0 / ∈ ℘. 
Since depthI(℘)S(℘) is well defined, we obtain depthI(℘)S(℘) = p. Hence grade (F℘) =
depthI(℘)S(℘) = p. Hence Extp (F℘,OX,℘) �= 0. Therefore E xtp (F ,OX,) �= 0, and 
grade(F ) ≤ p ≤ r − 1, which is a contradiction.

So, I �⊆
⋃q

i=1 ℘i. Let fp+1 ∈ I − (
⋃q

i=1 ℘i). Then f1, . . . , fp, fp+1 ∈ I induce a regular 
sequence, as required. The proof is complete. �
Proposition A.11. Suppose Y = Proj (S) with S = A[x0, x1, . . . , xN ] and deg(xi) = 1. 
Assume A is noetherian. Let X ⊆ Y be open and F ∈ Coh(X). Let G = M̃ where M is 
a finitely generated graded S-module, such that G|X = F (see [5, Ex II.5.15]). Assume 
X is Cohen-Macaulay. Then

grade(F ) = codim(V (I) ∩X,X) where I = ann(M).

We extend the definition (A.3) and define the grade of a closed subset of a quasi 
projective scheme X.

Definition A.12. Let X be a quasi projective scheme of over a noetherian a˙ine scheme 
Spec (A) and Z ⊆ X be a closed subset of X. Further assume Y = Proj (S) with 
S = A[x0, x1, . . . , xN ], deg(xi) = 1, and X ⊆ Y is an open subset. Define

grade(Z) := grade(Z,X) = grade

(
OX

Ĩ|X

)
where

{
Z = V (I) ∩X, I ⊆ S

is a homogenous ideal.

This definition is independent of choice of Y and I.

Proof. Let Z = V (I)∩X = V (J)∩X. Considering the irreducible components of Z, we 
have

X ∩ min(I) = X ∩ min(J) = {℘1, . . . , ℘r}

So, we can assume J = ∩r
i=1℘i is reduced and that I ⊆ J . Now
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grade

(
OX

Ĩ|X

)
= inf

{
r : E xtr

(
OX

Ĩ|X
,OX

)
�= 0
}

= inf
{
r : E xtr

(
Ox

Ĩx
,Ox

)
�= 0, x ∈ X

}
Using (A.2) or [8, Thm 26, pp. 98], the above

= inf
{
r : E xtr

(
Ox

J̃x
,Ox

)
�= 0, x ∈ X

}
= grade

(
OX

J̃|X

)

The proof is complete. �
We recall the definition of perfect modules, before we close this section.

Definition A.13. Let X be a noetherian scheme and Z ⊆ X be a closed subset. For 
F ∈ Coh(X), we say that F is a perfect module, if grade (F ) = dimV (X) F . Denote 
the full subcategory CMZ(X) =

{
F ∈ CohZ(X) : dimV (X) F = grade(Z,X)

}
. Note 

CMZ(X) is a subcategory of the category of perfect modules.

Appendix B. Hermitian theory and Karoubi GW bispectrum

The purpose of this section is to provide a brief background on jargon of homotopy 
approach to K theory, in the post Quillen [15] era. Hermitian K theory (also called 
GW -theory) is to be seen as part of Algebraic K-theory. However, we assume readers are 
more familiar with K-theory, and we will discuss more about GW -theory, in this section. 
We assume that the readers have some familiarity with the background [15,20,19] on K
theory, or are referred to [10]. We also assume that the readers have some familiarity with 
the category Sp of spectra of pointed topological spaces. Quillen established Algebraic 
K-Theory on the foundation of Exact categories. In our view, for the esthetics of the 
narrative, Algebraic K-Theory should be a story of exact categories. Formulation of 
Theorem 1.1 of Quillen supports the same sense of esthetics. We like to make clean 
statements within the universe of exact categories, when possible. However, after [15], 
the literature seemed to have drifted away from K-theory of exact categories E , to 
that of the category of bounded chain complexes Chb (E ) [20,19]. The theory further 
drifted into other derivatives of exact categories, like complicial exact categories [17] and 
dg categories [16]. While these have enriched the theory, they also have obscured the 
theory for the broader readership. The literature misses any common umbrella for all 
these different derivatives, while K-theory of exact categories (inclusive of GW -theory) 
remains the common denominator or, of the fundamental interest. For this reason, in this 
section, we recapitulate some of the background on K-theory, mainly of GW theory, and 
reinterpret them in the context of exact categories. The main goal of this section, is to 
explain the Karoubi GW bispectrum GW (Ed) ∈ BiSp of exact categories Ed := (E ,∨ , �)
with duality.
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Let eCat (resp. ˜︂eCat) denote the category of small (resp. idempotent complete) 
exact categories. Likewise, eCatD (resp. ˜︂eCatD) denote the category of small (resp. 
idempotent complete) exact categories with duality, over Z(1/2). We start with the 
following definition.

Definition B.1. Let Ed := (E ,∨ , �) ∈ eCatD. Consider the following homotopy fibration:

GW(Ed) BQh(Ed) BQ(E ) , and

K(E ) GW(Ed) BQh(E )

Here K (E ) denotes the K-theory space of E and GW (Ed) denotes the GW space of Ed. 
Ideally, we should denote GW (Ed) := GW (E ,∨ , �). The latter sequence is a rotation 
of the first one. Higher K-groups and GW -groups are defined by{

Kn (E ) = πn (K (E ))
GWn (Ed) = πn (GW (E ))

∀n ≥ 0.

B.1. K-theory and GW -theory spectrum

The work of Waldhausen [20] considered K-theory as a spectrum. We will not discuss 
the connective K-theory spectrum. In this section we give a overview of non connective 
K-theory and GW -theory spectrum. Cone functors{

CK : ˜︂eCat −→ eCat
CGW : ˜︂eCatD −→ eCatD

together with
{

E ↪→ CK (E ) ∀E ∈ ˜︂eCat
E ↪→ CGW (E ) ∀E ∈ ˜︂eCatD

fully faithful exact functors (duality preserving in the latter case), were defined. Further, 
for E ∈ ˜︂eCat and Ed := (E ,∨ , �) ∈ ˜︂eCatW

1. The respective quotients CKE
E ∈ eCat and CGW Ed

Ed
∈ eCatD are defined.

2. The spaces {
K (CK(E )) ∼ = �
GW (CGW (Ed)) ∼ = �

are contractible. (47)

3. The sequences,

K(E ) K(CKE ) K
(
CKE

E

)
GW(E ) GW(CGWEd) GW

(
CGW Ed

Ed

) are homotopy fibrations.

(48)
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We define suspension functors, as follows.

Definition B.2. Let E ∈ eCat and Ed := (E ,∨ , �) ∈ eCatD. Let Ẽ and Ẽd denote the 
respective idempotent completion. Define suspensions

{
SK (E ) := CK Ẽ

Ẽ

SGW (Ed) := CK Ẽd

Ẽd

Inductively, define

⎧⎨⎩ Sn+1
K (E ) := SK

(
˜︂Sn
K(E )

)
Sn+1
GW (Ed) := Sn

GW

(
˜︂Sn
GW (Ed)

)
We define two non connective spectrums, as follows:

1. The non connective K-theory spectrum of E is defined as

K (E ) = {Kn (E ) : n ≥ 0} , where Kn (E ) = K
(
˜︂Sn
K (E )

)
The K-groups are defined by

Kp (E ) = πp (KE ) ∀p ∈ Z.

2. Define the non connective GW -theory spectrum as

gW (Ed) = {gWn (Ed) : n ≥ 0} , where gWn (Ed) = gW
(

˜︂Sn
GW (Ed)

)
The gW -groups are defined by

gWp (Ed) = πp (gWEd) ∀p ∈ Z.

3. It follows from (47), (48) that both K (E ) ∈ Sp and gW (Ed) ∈ Sp are Ω-spectra. We 
have defined two functors: {

K : eCat −→ Sp
gW : eCatD −→ Sp

Thus far, in this section, all the above concerns only exact categories.

B.2. GW spectrum of dg categories

Thomason [19] started considering K-theory of the category of chain complexes of 
exact categories. This led to consideration of a variety of concepts like BiWaldhausen 
categories, complicial exact categories, and dg categories. All these culminated to the 
GW -theory of dg categories in [16]. It is worth pointing out that GW -theory encapsu
lates, both K-theory and Witt theory. For a dg category A the K-theory of A is given 
by the GW -theory of the hyperbolic category H (A ).
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Given an exact category (E ,∨ , �) with duality ∨ and double dual identification �, 
there is another exact category (E ,∨ ,−�), usually referred to as the skew duality. So, any 
theory for (E ,∨ , �), automatically produces a theory for (E ,∨ ,−�). After the work of 
Thomason [19], preceded by work of Walhausen [20], attention shifted to the GW -Theory 
of the category of bounded chain complexes Chb(E ), for exact categories (E ,∨ , �) with 
duality. Because of the shift functor, one has one GW -theory GW [n](Chb(E )), for each 
n ∈ Z. However, these theories are four periodic GW [n](Chb(E )) = GW [n+4](Chb(E ))
for all n ∈ Z. So, we obtain four GW -theory of Chb(E ), while we have only two GW
Theory for (E ,∨ , �).

The category Chb(E ) of exact categories E can be endowed with the structure of a 
dg category, denoted by dgE . This provides justification for developing K-theory and 
GW -theory of dg categories with weak equivalence and duality. Unless stated otherwise, 
we work with dg categories over k = Z(1/2), whenever we work on GW -theory. In 
addition to the above notations, let dgCatWD denote the category of small pointed 
dg k-categories A := (A , q,∨ , �) with weak equivalences q, duality ∨ and double dual 
identification �. In our case of dgE , the quasi isomorphisms are defined to be the weak 
equivalences.

For A := (A , q,∨ , �) ∈ dgCatWD, in [16], a spectrum GW(A ) ∈ Sp was associated 
in the category Sp of spectrum of pointed spaces. So, this is a functor

GW := {GW(−)n : n ≥ 0} : dgCatWD −→ Sp

In fact, GW(A )n was defined as the geometric realization of an explicitly defined sim
plicial category. In fact, GW (A ) is a positive Ω-spectrum, which means GW (A )n ∼ = 
ΩGW (A )n+1, ∀n ≥ 1. However, for E ∈ eCatD, GW (dgE ) actually a Ω-spectrum, 
and

GW (E ) ∼ = GW (dgE ) ∼ = ΩGW (dgE )1

(See, [10, Thm 10.1.17, pp 431], [10, Eqn 10.31, pp 449]). Now, we have the following 
agreement proposition.

Proposition B.3 (Agreement). With notations as above, for E := (E ,∨ , �) ∈ eCatD, 
with 1/2 ∈ E , there is a

gW (E ) ∼ = GW (dgE ) homotopy equivalence in Sp. (49)

(We caution that left side is a Ω spectrum and right side is a positive Ω spectrum.)

Proof. It follows from uniqueness of Ω spectrum. Recall the formula [22, pp 107], [
S1 ∧X,Y

] ∼ = [X,ΩY ], for X,Y ∈ Top•. The proof is complete. �
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B.3. Karoubi GW bispectrum

For E ∈ eCatD, we provided two descriptions (49) of the GW spectrum gW (E ) ∼ = 
GW (dgE ) ∈ Sp. In this section, for A = (A , q,∨ , �) ∈ dgCatWD, we associate the 
Karaiubi Grothendieck-Witt bispectrum GW (A ), which takes values in the category 
BiSp := BiSp

(
S1 − S̃1

Sp
)

of S1 − S̃1
Sp-bispectrum. Here S1 := [0,1]

0∼1 denotes the 1-sphere.
We refer to [10, pp 458-], [16] for the background on the category BiSp, including 

definitions of symmetric K-spectrum, Sp (C ,K) for monoidal model categories C :=
(C ,⊗,1). Among the original sources of all these may be the work of Hovey [6]. We 
recall some of the jargon and notations:

1. We used the notation Sp for the category of spectrum of pointed topological spaces. 
Denote the subcategory of symmetric spectra, by symSp.

2. We let S̃p := (symSp,∧S,S) denote the category symmetric spectrum, where S ={
∧nS1 : n ≥ 0

}
is the ring spectrum, which acts as the unit. With C =

(
Top•,∧,S0), 

and K = S1 we have S̃p := Sp (C ,K) (see [10, pp 458]). Note S̃p is a symmetric 
monoidal model category [10, pp 460].

3. Now, we repeat the same process, starting with C := S̃p := (symSp,∧S,S). Let 
S1

Sp =
{
S1,S2,S3, . . .

}
∈ symSp be the sphere spectrum, and let K = S̃1

Sp ∈ symSp
be the cofibrant replacement of S1

Sp. This means K is cofibrant and K −→ S1
Sp is 

trivial fibration. Now define the monoidal model category of bispectra (see [10, pp 
461])

BiSp := BiSp
(
S1 − S̃1

Sp
)

:= Sp
(
S̃p,K

)
So, the objects of BiSp are symmetric S̃p-spectrum, {X0,X1, . . .}, where Xi ∈ symSp.

Write K = S̃1
Sp. Given X = {X0,X1, . . .} ∈ BiSp following homotopy groups are 

defined: {
πn (X) = limk

[
Kn+k,Xk

]
HoSpΣ Naive homotopy

πt
n (X) = limk [ΣKn,X]HoBiSp True homotopy

∀n ∈ Z (50)

where ΣKn =
{
Kn+k : k = 0, 1, 2, . . .

}
∈ BiSp. Under suitable conditions, these two 

groups coincide [16, pp 1840].
Now we proceed to define Karoubi GW bispectrum.

Definition B.4. Let k be a commutative ring, with 1/2 ∈ k. Let dgCatWDk denote the 
category of dg k-categories with weak equivalences and duality.{

A cone functor C : dgCatWDk −→ dgCatWDk and

a suspension functor s : dgCatWDk −→ dgCatWDk
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were constructed, on the category dgCatWDk. For (A ,∨ , q, �) ∈ dgCatWDk, and 
integer n ≥ 0, one defines

GW (A )n := GW (snA ) ∈ S̃p (51)

in the category S̃p of symmetric spectra. The bispectrum is defined, as a functor

GW : dgCatWDk −→ BiSp sending A �→ GW (A ) := {GW (A )n : n ≥ 0} .

Consequently, for E ∈ eCatDk, one can associate

E �→ GW (dgE ) ∈ BiSp. Note GW (dgE ) = {GW (sndgE ) : n ≥ 0}

Following are some observation on GW invariants of exact categories with duality.

Remark B.5. Let E = (E ,∨ , �) ∈ eCat.

1. The gW (E ) ∈ S̃p = (symSp,∧S,S). This follows from the fact the spectrum gW (E )
is defined by iterated suspension.

2. E can be considered as a dg category with weak equivalence (isomorphisms) and 
duality, concentrated at degree zero [10, pp 435].

3. Since s is ring, it is easy to see that sn ⊗ E is defined, and is an exact category with 
duality, where split exact sequences are defined to be exact. Define

GW (E )n = gW (sn ⊗ E ) , and GW (E ) = {GW (E )n : n ≥ 0}

The following reconciles two bispectrum of exact categories.

Proposition B.6. Let E = (E ,∨ , �) ∈ eCat. Then

1. GW (E ) ∈ BiSp is a bispectrum.
2. There is zig zag stable equivalence

GW (E ) ∼
GW (dgE ) in BiSp.

Proof. The proof is elementary, which we skip. Main point is that an exact category 
E can be considered as a dg category, concentrated at degree zero. We plan to write a 
complete exposition somewhere else. �

We summarize some of the above notations and introduce some more, for n ≥ 0, as 
follows.



264 S. Mandal / Journal of Algebra 680 (2025) 205--266 ⎧⎪⎪⎪⎨⎪⎪⎪⎩
GW (E )n := gW (snE ) ∈ symSp, and

GW (E ) := {GW (E )n : n ≥ 0} ∈ BiSp
GW (E )n := GW (E )n, GW (E )+ := GW (E ) ∈ BiSp
GW (E )− := GW (E ,∨ ,−�) ∈ BiSp

(52)

It also follows that{
GW (E ) ∼ = GW [4n](dgE )
GW (E )− ∼ = GW [4n+2](dgE )

∀n ∈ Z.

While we obtain two bispectrum GW (E ), GW (E )− directly from an exact category, 
E = (E ,∨ , �), the shifted bispectrum GW [n](dgE ) ∼ = GW [n+4](dgE ) is four periodic. 
Following (50), define the Karoubi GW -groups

⎧⎪⎨⎪⎩
GWp (A ) = πt

p (GW (A )) ∀A ∈ dgCatWDk

GWp (E ) = πt
p (GW (E )) ∼ = πt

p

(
GW [4n] (dgE )

)
∀E ∈ eCatD

GWp (E )− = πt
p

(
GW (E )−

)
∼ = πt

p

(
GW [4n+2] (dgE )

)
∀E ∈ eCatD

∀p, n ∈ Z.

More explicitly, we have the following.

Corollary B.7. Let C = (C ,∨ , �) ∈ eCatDZ. As usual, denote ∀k ∈ Z, GWk(E ) =
πk (GWk(E )) denotes the homotopy group. Then

GWp(E ) =

⎧⎪⎪⎨⎪⎪⎩
GWp (E ) p ≥ 1
GW0

(
˜︂Db (E )

)
p = 0

GW0

(
˜︂Db (s−pE )

)
p ≤ −1

Here ∀k ≥ 0, GWk (E ) = πk (GW (E )) denote the GW -groups, while GW (E ) denotes 
the GW -space.

Proof. It follows directly from [16, pp 1799], [10]. �
Appendix C. Notations

In this section we establish some standard, and some not-so-standard notations. We 
freely use some of the notations from [5], which I consider standard by now.

Notation C.1. Let X be a quasi projective scheme over a noetherian a˙ine scheme A, 
and Z ⊆ X be a closed subset and U = X − Z. We assume that grade(Z) = k. In the 
context of GW -theory, L will denote a fixed invertible sheaf. As is standard, QCoh(X), 
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Coh(X), V (X), respectively, denote the category of Quasi Coherent, Coherent, locally 
free sheaves over X.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Denote d = dimX, k = gradeZ (see Definition A.12)
CohZ(X) = {M ∈ Coh(X) : Supp (M) ⊆ Z}
∀M ∈ Coh(X), denote dimV (X) F := projective (locally free) dimension

M(X) = {M ∈ Coh(X) : dimV (X)(M) < ∞}
MZ(X) = {M ∈ M(X) : Supp (M) ⊆ Z}
CMZ(X) =

{
M ∈ MZ(X) : dimV (X)(M) = k

}
see (A.13)

Usually, E (X) ⊆ QCoh(X) would denote an exact subcategory
Examples : E (X) = Coh(X), CohZ(X),M(X), CMZ(X), and others

We continue:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

For such an exact category,
Chb(E (X)) denotes the category of bounded complexes, with objects in E (X)
Chb

Z(E (X)) =
{

F• ∈ Chb(E (X)) : (F•)|X−Z is exact
}

the full subcategory.
dgE (X) denotes the dg category corresponding to Chb(E (X))
dgZE (X) denotes the dg category corresponding to Chb

Z(E (X))
Db(E (X)) = Bounded Derived Category of exact categories E (X)
Db

Z(E (X)) =
{

F• ∈ Db(E (X)) : (F•)|X−Z is exact
}

the full subcategory.

For future use, we extend the list (C.1), as follows{
Perf(X) ⊆ Ch(QCoh(X)) denote the category of perfect complexes
PerfZ(X) =

{
M• ∈ Perf(X) : (Hn (M•))|U = 0 ∀ n

}
be the full subcategory.

For a larger part of this article, we work with the following setup.

Notation C.2. Let A be a noetherian commutative ring. Let X be a quasi projective 
scheme over Spec (A). We will be working under the following setup.

1. Let Y = Proj (S) for some graded ring S = A[x0, x1, . . . , xN ] with deg(xi) = 1.
2. We assume X ⊆ Y is an open subset. Assume dimX = d.
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