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Discontinuous Force Functions

» Asin §6.2, in this section we solve
systems of nonhomogeneous linear second order
with constant coefficients, using
Laplace Transform and Inverse Laplace Transforms.

» However, the nonhomogeneous part
g(t) would be discontinuous,
with an eye for the Derac § function and d.(t — ¢).

» As in §6.2, usully we would use the charts of
Laplace Transform and Inverse Laplace Transforms.
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Example 1
Sample Problems Example 2
Example 3

Example 1

Solve the IVP

1 7 <t<3m

y”+9y:f(t):{0 3r<t< oo

> We write f(t) = u.(t) — us,(t).
> So, we have y" + 9y = u.(t) — us(t)
» We write Y(s) = L{y}. So,

Lyy"}+9L{y} = L{us} — L{us} =
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s24+1  s(s2+1) s(s2+1)

=L{sint} + (e — ™) (f n bs + C)

s s2+1

s s241

 tfane) (e - e (- 22
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Continued

. e~ TS e—37rs se~ s 56—3%5
Y = L{sint} + -
S

s * 2+1 s2+1

= L{sint}+ L{u} — L{us, } + e ™ L{cost} — e > L{cos t}

= L{sin t}+L{u, } —L{us: }+L{u, cos(t—m)} —L{u3, cos(t—3m)}
= L{sint} + L{u.} — L{us.} — L{u cos(t)} + L{us, cos(t)}

So Y =L{y} = LA{sint+ ur — uzx — uycos(t) + uz, cos(t)}

So y =sint+ u; — us; — Uy cos(t) + us, cos(t)
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Sample Problems Example 2
Example 3

Example 2

Solve the IVP
y'+y —6y=uw(t) y(0)=0,y(0)=1

» We write Y(s) = L{y}. There are two steps:

» Compute Y(s), by application of Laplace transform L.
» Compute y = L71{Y(s)} by application of Inverse
Laplace transform L.
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Sample Problems Example 2
Example 3

L{y"}+ L{y'} — 6L{y} = L{u(t)}
(s?Y(s) — sy(0) — y'(0)) + (sY(s) — y(0)) —6Y(s) = %ezs

(s2Y(s) — 1) +sY(s) —6Y(s) = %e‘k

1 1
Y - - —2s -
(s) 5(52+s—6)e +s2—|—s—6
1 L1 1
= —e —
s(s2+3s+2) s—2 s+3
1

_ —2s 2t -3t
_5(52+3s+2)e T LT~ LT
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Continued

So, Y = e+ L{e* — e}

s s§—2 s4+3

11 11 1 1
—2s( _~— = il 2t —3t
€ ( 6s+105—2+15s+3>+£{e }

b
=e (f + +— ) + L{e* — e}

a1 Loy LA e 2t -3t
=e < 6£{1}+10£{e }+15£{e )+ L{eF—e}

_ 1 1 1 _ -
:e25 L ——+—e2t+—e 3t +£{€2t—e3t}
6 10 15
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Sample Problems Example 2
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Continued

_ 2t 2 —3t
So, Y =e¢2 (E{ >3+ 2e }) + L{e* — e}

30
= (ﬁ {U2(t) 30 }) +L{e*—e} =
Ly} = Y:ﬁ{uz(t) N +e2t—e_3t}
-5 3 2(t—2) 2 —3(t—2)
So, y = ux(t) e 30+ © 4%t — 3t
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Example 3

Solve the IVP

" t 0<t<3
vy —e={5 551°0 so-oyo-1

» We write Y(s) = L{y}. There are two steps:

» Compute Y(s), by application of Laplace transform L.
» Compute y = L71{Y(s)} by application of Inverse
Laplace transform L.
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> Write g(t) = (1 — us(t))t 4+ 3us(t) = t — us(t)(t — 3)
» From the Charts So,

el =5 -5

» Apply £ the System:

L{y"} +9L{y} = L{g(t)} = 2—12 - 62_52
sV (s) = sy(0) = y'(0) +9Y(s) = 5 - 6’355—12
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>
1 1
2 _ —3s
sY(s)—1+9Y(s)—?—e o
1 1 1
Y — —3s
O st aeig ¢ HE )
1 +11_1 1 s 1
249 952 95249 s2(s2 +9)
_11 8 1 1
0952 95249 s2(s2+9)
1 8 1
= ZL{t} + =L{sin3t} —e B
gt} + o7 LAsindt} — e gy
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Continued

So,

3t + 8sin 3t 11 1 1
A it Lot S (e
{ 27 } ¢ (952 952+9)

3t + 8sin 3t 35 (1 ERre
L {T} —e (gﬁ{t} 27L',{sm 3t})

:£{3t+85in3t} _635£{3t_5in3t}
27 27

:£{3t+§7sin3t} _E{u3(t)3(t—3) —2s7in3(t—3)}
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Continued

So, L{y} =Y
B 3t + 8sin 3t 3(t —3) —sin3(t —3)
_E{ (D) 27
So,
3t + 8sin3t 3(t—3)—sin3(t—3
Y - () )27 —
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