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Homogeneous System with Constant Coefficients

Homogeneous System with constant coefficients

» Consider homogeneous linear systems of n Equations,
in n (unknown) variables:

y' = Ay Aisan n x n matrix with constant entries
(1)

» As in §5.4, solutions of (1) would be denoted by

y(t) yik(t)
yO () = Y2.1.(.t) oy () = Y2.k'('t)

Y

ym(t) Yok(t)
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Homogeneous System with Constant Coefficients

Principle of superposition

» Recall the Principle of superposition (§5.4) and
the converse: If y(), ... y(" are solution of (1), then any
constant linear combination

y e Cly(l) + P + Cny(n) (2)

is also a solution of the same system (1).

» The converse is also true, if Wronskian

W(t) = W (y(l), o ,y(n)) (t) #0
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Homogeneous System with Constant Coefficients

Solutions of (1) and Eigenvectors

» Some of the solutions of (1) are given by
y =&e where Af = ré, (3)

which means that r is an eigenvalue of A and
¢ is an eigenvector, corresponding to r.

» Proof. For x = £e', we have

y = (r§)e™ = A(e™) = Ay
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Homogeneous System with Constant Coefficients

n eigenvalues and vectors

» Suppose A has n eigenvalues r, o, ..., 1.
Pick eigenvectors &;, corresponding to each r;.
SO, AS, = r,-f,-.

» A set of n solutions of (1) is given by
xV = gent . x(M =g, et (4)
So, the Wronskian

W= W(y®, .y =] y® ...y |

e(r1+.,.+r,,)t’ {1 . fn |
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Homogeneous System with Constant Coefficients

Real and Distinct Eigenvalue

» Assume ri, rp, ..., I, are distinct. Then
&1,...,&, are linearly independent. (It needs a proof).
Hence the Wronskian W # 0.

» Now assume ry, ra, ..., r, are real. By §5.4,
y® ... y(" form a fundamental set of solutions of (1).
In other words, any solution of (1) has the form

y = C1y(1) + .. + Cny(n): lelerlt + . Jr Cnfner,,t (5)

where ¢i, ..., ¢, are constants,
to be determined by the initial value conditions.
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Computational Tools
Problem Solving Example 1
Example 2

Computational Tools

It is evident form (5), to solve problems in this section,
we would have to compute eigen values and eigen vectors.

Matlab command [V, D]=eig(A) could be used to find
eigenvalues and eigenvectors. Advantage with this is that
Matlab can handle complex numbers (see §7.6). However,
after experimenting with it, | concluded that it does not work
very well. It uses the floating numbers, which make things
misleading.
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Computational Tools
Problem Solving Example 1
Example 2

Use Hand computations and T1-84

» Throughout, the following would be my strategy:
» Compute eigenvalues analytically.
» |If an eigenvalue is real, when possible,
use TI-84 (rref) to solve and compute eigenvectors.
» If an eigenvalue is complex (in §5.6), compute
eigenvectors analytically.
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Computational Tools
Problem Solving Example 1
Example 2

Example 1

Find a general solution of

, (-6 8

» First, find the eigenvalues:

=0 — r’42r=0= r=0,-2

—-6—-r 8
-3 4-—r
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Computational Tools
Problem Solving Example 1
Example 2

Eigenvectors for r = 0

» Eigenvetors for r = 0 is given by (use TI-84 "rref"):
6 8\[/&a) [0
(2)(8)-(0)=
0 0 a) (o
1 -3 &)\ 0

4
» Taking & =1, & = < i ) is an eigenvector for r = 0.

» So, a solution corresponding to r = 0 is:

y(1) _ Sert — ( )
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Computational Tools
Problem Solving Example 1
Example 2

Eigenvectors for r = —2

» Eigenvetors for r = —2 is given by (use TI-84 "rref"):
—6—r 8 &\ (0
(a2 )(e)-(0) =
—4 8 &\ (0
(56)(2)-(0)=
1 2 &\ (0
00 &)\ 0
» Taking & =1, € = ( i ) is an eigenvector for r = —2.
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Computational Tools
Problem Solving Example 1
Example 2

Continued

» So, a solution corresponding to r = —2 is:

Yy = gt = ( i ) o2t

» So, the general solution is:

[YIEN
~_
+
\Y
N
— N
~
rl)l

N

~
—~
o))
N—

y=ayM + ay® =q (
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Computational Tools
Problem Solving Example 1
Example 2

Example 2

Find a general solution of

k<\

I
== N
N = =
= N =

<

» First, find the eigenvalues:

2—r 1 1
1 1—r 2 =0
1 2 1—r

Satya Mandal Chapter 5: System of 15'-Order Linear ODE §5.5 Homoge



Computational Tools
Problem Solving Example 1
Example 2

Continued

1—r 2

2 1—r 1 1—r

_’1 2

P 44rr 4 r—4=0=1r—4r—r+4=0
rP(r—1)=3r(r—1)—4(r—1)=0
(r=1)(r*=3r—4)=0= (r—1)(r+1)(r—4)=0
r=-1,1.4
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Computational Tools
Problem Solving Example 1
Example 2

An eigenvector and solution for r = —1

» Eigenvetors for r = —1 is given by (use TI-84 "rref"):

2—r 1 1 & 0
1 1—r 2 Hl=10]=
1 2 1-v & 0
31 1 13 0
122 & | =1 0 | = (use rref)
122 £ 0

100 & 0

01 1 & | =1 o

00 0 & 0
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Computational Tools
Problem Solving Example 1

Example 2

>
§&1=0
S+&=0
0=0
0
» Taking & =1, &= | —1 | is an eigenvector for
1
r=—1.
» So, a solution corresponding to r = —1 is:
0
y(l) — gert _ 1 et
1
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Computational Tools

Problem Solving Example 1
Example 2

An eigenvector and solution for r =1

» Eigenvetors for r = 1 is given by (use TI-84 "rref"):

2—r 1 1 3 0
1 1—r 2 Hl=(0]=
1 2 1-v & 0
111 & 0
1 02 & | =1 0 | = (use rref)
120 £ 0

10

01

00 0
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Computational Tools

Problem Solving Example 1
Example 2

>

§1+26=0

&—&=0

0=0

—2
> Taking & =1, & = 1 is an eigenvector for

1

r=—1.
» So, a solution corresponding to r = 1 is:
-2

y(2) _ Sert _ 1 et
1
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Computational Tools
Problem Solving Example 1
Example 2

An eigenvector and solution for r = 4

» Eigenvetors for r = 4 is given by (use TI-84 "rref"):

2—r 1 1 & 0
1 1-r 2 S l=(o0o]=
1 2 1-v & 0
2 1 1 3 0
1 -3 2 & | =1 0 | = (use rref)
1 2 -3 £ 0
10 -1 3 0
01 -1 & =10
00 0 & 0
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Computational Tools
Problem Solving Example 1
Example 2

>
&1 —&=0
§—& =0
0=0
1
» Taking &3 =1, &= | 1 | is an eigenvector for r = —1.
1

» So, a solution corresponding to r = 1 is:

1
y(3) _ Sert — 1 e4t
1
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Computational Tools
Problem Solving Example 1
Example 2

General Solution

» So, the general solution is:

y = ay® + ay® + ¢y®

0 -2 1
=cal|l -1 |et+0o 1 et+c| 1 |e*
1 1 1
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Example 3

. Example 4
Initial Value Problems .

Example 3

Solve the initial value problem:

y/=<_11 g)y y(0)=(_21>~

» First, find the eigenvalues:

‘1—r 3 =0 = r*-6r+8—=— r=24

-1 5-—r
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Example 3

. Example 4
Initial Value Problems .

Eigenvectors for r = 2

» Eigenvetors for r = 2 is given by
1—r 3 51
-1 5—r 52
-1 3 &\ (0
(23)(8)-(8)=

{_§1+352:0
0=0

I
A/~
oo
~

» Taking&H =1, € = ( i ) is an eigenvector for r = 2.
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Example 3

. Example 4
Initial Value Problems .

A solution corresponding to r = 2

» So, a solution corresponding to r = 2 is:

y(l)zgen: < :i)ezt
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Example 3

. Example 4
Initial Value Problems .

Eigenvectors for r = 4

» Eigenvetors for r = 4 is given by
1—r 3 51
-1 5—r 52
-3 3 &\ (0
(2 1)(e)-(5)=

{OZO
& +&6&=0

I
A/~
oo
~

» Taking & =1, & = ( 1 ) is an eigenvector for r = 4.
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Example 3

. Example 4
Initial Value Problems .

A solution corresponding to r = 4

» So, a solution corresponding to r = 4 is:

y(2):£ert: < 1)641“

Satya Mandal Chapter 5: System of 15'-Order Linear ODE §5.5 Homoge



Example 3

. Example 4
Initial Value Problems .

General Solution

» So, the general solution is:

y = cly(l) + c2y(2) = ( i ) e2t+c2 ( 1 ) et

This can be written as

_ " _ 3e2t e4t o)
y Vo e2t it o
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Example 3

. Example 4
Initial Value Problems .

The Particular Solution

To find the particular solution, use the initial condition:

-1
y(0) = < > ) L=
31 (o] o —1
(1 1)((:2)—( 5 ):(userref)
to the augmented matrix:

caq=-15 =35
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Example 3

. Example 4
Initial Value Problems .

Continued

» So, the particular solution is:

y= Cly(1)+C2y(2) = ( i) ) 62t+C2( i > et
_ 1Y o L\ 4
Cas(D)erss( 1)
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Example 3

Initial Value Problems Fempla 6

Example 4

Solve the Initial Value Problem

, (-6 8 (1
y—(_34)y y(O)—(_l)-
Solution: This is an extension of an Example above, and

general solution was computed (6):
$ 27 a
1 e 2 G

(1))
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Example 3

Initial Value Problems Fempla 6

The Particular Solution

To find the particular solution, use the initial condition:

y(0)=<_11).:>

( i)(il):(jl>:(userref)

to the augmented matrix:

= Wi

G = —4.5, C = 3.5
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Example 3
Example 4

Initial Value Problems

So, the particular solution is:

B %2e‘2t —45\ 6+ 7e 2t
Y=\ 1 e2 35 )=\ —45435e2
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